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1. Research Objectives 

lh« rei^earch ronducted under ihis grant is a continuation of a long-term rc- 
M-atch effort devoted to the study of vxrious aspects of direct arod inverse elec¬ 
tromagnetic scattering previously supported ht- .^FOSR. The general goal of the 
program conttr.ues to be the establishment of a firm mathematical foundation and 
the development of algorithms based on such a foundation in which boundary and 
domarn parameters are eithei to be recovered from scattering or radiation data or 
used as controls to optimize ^•ariou3 functionals of the scattered or radiated fields. 
Such parameters include the shape of the boundary itself, functions defined on the 
boundary such as impedance, generalized impedance and generalized resistivity, ais 
well as domain parameters such as conductivity arid refractive index. The program, 
as described in the original proposal, is focussed on three specific areas of investiga- 
iion; muliicriteria optimization, generalized impedance boundary conditions, and 
inverse scattering techniques. 

We summarize the nature of each of the particular problem areas and report 
on work done and in progress in each of the next four sections. In additio.. to this 
work. we have begun the writing of a monograph devoted to optimization methods in 
antenna theory which will be devoted, to a large extent, to the systematic exposition 
of the theory and computational results obtained with the support of several AFOSR 
grants This monograph is being written in collaboration with Professor A. Kirsch 
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of th*; Universitat Erlangen-Niirnberg in Germany, 

2. Research Accomplishments and Current Status 
2.1. Multicriteria Optimization 

Many problems of applied interest in both the optimization of radiated fields 
and the identification of targets may be viewed as involving several performance 
criteria, any one of which may be taken as the primary cost functional which is to 
be optimized. A variety of suci performance is evidenced in antenna problems as 
described in (3.2]* Other desirable characteristics, represented as functionals, are 
most often treated as constraints to be satisfied by an optimal solution, and some 
multiplier technique is used to produce an unconstrained problem. 

However, the designation of one primary cost functional and the relegation of 
others to the status of constraints, is somewhat arbitrary. Indeed, a more direct 
approach is to consider such problems as multicriteria problems of optimization. 
To our knowledge, our use of multicriteria techniques is new in the fields of inverse 
scattering and control in electromagnetics. The ideas were first presented to the 
electromagnetic community at the Boulder URSI Meeting in 1592 [5.5]. 

We have prepared two manuscripts on this subject each of which includes both 
theoretical analysis as well as computational results. The actual computation of 
the manifold of Pareto optimal points gives the design engineer a range of choices 
maldng the trade-offs between different optimal choices explicit. The first paper 
describing these results, (3.5], Muliicriteria Optimizaiion in Antenna Design ap- 
^ Numbers in parenthesis refer to papers and presentations listed in sections 3 and 5. 








peaxed in 1992. A second paper [5.12] MulticTHeria Optimization in Arrays was 
presented at the JINA 92 meeting in Nice, France in November, 1992. This paper 
addresses the use of such methods for antenna arrays and compares these results 
with the well-known Dolph-Tchebyscheff result. We presented these results at a 
seminar at Rome Laboratories, Hanscom AFB in January, 1993. At that time, it 
became clear that an array problem previously considered by R.A. Shore of Rome 
Laboratories could also be treated bj' multicriteria methods. It was agreed that we 
would collaborate on the application of the multicriteria approach to this problem. 
This work is ongoing. 

The work described above includes numerical computations for problems in¬ 
volving both arrays and conformal antennas. Related to these problems is that of 
maximizing the power in a preassigned sector of the far held. We considered this 
problem several years ago. In the present grant period, we returned to that prob¬ 
lem and, in collaboration with B. \'ainberg of the University of North Carolina at 
Charlottesville, we have been able to use asymptotic methods to charactenze the 
optimal surface current in terms of a graph norm for the Neumann-to-Dirichlet 
operator. In doing so, we get an explicit representation for this operator. These 
results were presented [5.20] and will appear in [3.12]. 

2.2. Generalized Boundary Conditions 

Under the present grant, we initiated a study of the well-posedness of resis¬ 
tive and conductive boundary value problems for the acoustic case. Under the 
present grant, we have completed a paper The Conductive Boundary Condition for 
MaxwelVs Equations in collaboration with A. Kirsch [3.4]. The results were reported 
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at the lEEE/APS URSI International Symposium in Chicago in July, 1992, j5.8]. 

These conditions, intended to model thin layer behavior, are neither pure 
boundary conditions nor full transmission conditions, and involve using variable 
resistivity or conductivity to model such laj'crs. An alternative is the use of higher 
order or generalized impedance conditions i.e., boundary conditions which involve 
differential operators of higher than the order of the differential equation. 

In collaboration with S. Przezdsiecki of the Polish Academy of Sciences, we 
attempted a rigorous den^•ation of such conditions for the electromagnetic scattering 
in the case of a plane stratified medium. Using Fourier transform techniques the 
problem was transformed into one involving a set of trairsmission line equations. A 
preliminary version of this work was presented in [5.6] but some detail; of this work 
remain to be clarified before a manuscript can be completed. 

2.3. Inverse Problems 

We have pursued three lines of research on this topic. The first is the devel¬ 
opment of an efficient computer algorithm for a variant of the shape identification 
method based on complete families of solutions which we developed under the pre¬ 
vious grant. Work with J. Jiang, a postdoctoral fellow, has yielded excellent results 
for the inverse Dirichlet and Neumann problems in the acoustic cjise. The algo¬ 
rithm is able to return shapes from synthetic data using, respectively, only one or 
two incident fields. The error is comparable to that occurring using other recently 
developed methods, but has the great ad\'antage of being able to provide the re¬ 
constructions with significantly less data. Re. ults were presented at the APS/URSI 
International Symposium in Ann .4rbor in June 1993 [5.13] and a paper describing 










the numericcd results is currently in preparation. 


A second line of attack on the shape identification problem again involved the 
use of complete families but instead of simultaneously reconstructing the shape and 
the solution of a scattering problem for particular boundary data, in this approach 
we attempt to reconstruct the shape and the Green’s function for a given class of 
boundzu'y conditions, /iz. Dirichlet, Neumann or Robin. One ad\Tmtage of this 
approach, in contrast to almost all other shape reconstruction methods, is that it 
readily leads to an aJgorithm even when scattered field data may only be measured 
in the backscattering direction. Preliminary results have been repoited in [5.11] and 
[5.16] and a paper describing the method is under preparation. However as yet no 
numerical experiments have been performed to test the feasibility of the approach. 

The third approach we followed concerned the iterative technique developed 
under AFOSR support that has proven successful in parameter identification prob¬ 
lems; specifically reconstructing complex indices of refraction of two dimensional 
objects from measurements of the fields scattered when the object is illuminated 
by known sources. Essentially, the method involves casting the problem as an op¬ 
timization problem in which the cost functional consists of two terms, one is the 
defect in matching measured data with fields due to a particular index of refrac¬ 
tion and the second is the state equation, a set of tegral equations in w’hich the 
index appears and which the fields must satisfy. There are essentially two types 
of uiUoiown functions, the index of refraction and the total field for each excita¬ 
tion. Each of these functions is constructed iteratively using linear updating, the 
nonlinear nature of their interrelationship being: nevertheless, retained. 
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Previous versions of this algorithm led to an empirically determined limit of 
reconstructibility of idlxmozl < where k is the w we number, d a characteristic 
diameter of the scatterer, and ixmail is the largest contrast that can be recon¬ 
structed. No a priori information about the scatterer was used. This work is 
described in [3.8), [3.9], [5.1], [5.2] [5.3] and [5.10]. 


Under the current grant, however, we e.xploited the fact that in most problems 
of interest, the imaginary part of the contrast is non-negative. Incorporating this 
constraint into the algorithm resulted in a remarkable improvement in the limit of 
reconstructibility. In fact, using the fact that for extremely good conductors the 
contrast is essentially large positive imaginary, we successfully reconstructed the 
boundary of a perfect conductor. In a dramatic demonstration of the efficacy of 
the method, experimental data provided by Rome Laboratories, Hanscom AFB for 
a perfectly conducting body was used in our algorithm in a “blind” reconstruction. 
That is, the actual gecinetry of the object was not provided, only the experimen¬ 
tal scattering data. The algorithm successfully reconstructed the unknown target. 
Parts of these results have been reported in invited talks in the British .applied Math 
Colloquium [5.15], the XXIV Ceneral .Assembly of URSI [5.17] and the Mathemat¬ 
ics Forschung Institut, Oberwolfach [5.18]. A paper describing the modifications 
of the algorithm, Two Dimemional Location and Shape Reconstruction [3.10] has 




.=!r>r>eared m Radio Science and another paper destiibing the blind reconstruction 


has been completed [3.13]. The experimental work at Rome Laboratories is be¬ 
ing done by Robert McGahan and Marc Cote while the theoretical and numerical 
work is being done in collaboration with Peter van den Berg of Delft University of 
Technology' in the Netherlands. 
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2.4. Related Work 


Work in the three main problem areas described in sections 2.1 - 2.3, was 
accompanied by some significant related activity which is briefly summarized in 
this section. 

In addition to the applications of optimization methods in antenna problems 
it was shown that a similar approach could be successfully followed in a class of 
iiee surface hj'drodynamical problems [3.1], [3.3]. This included development of 
a constructive method for finding the hull design which optimizes hydrodynamic 
performance characteristics such as di-ag and added mass. 

The iterative solution of the inverse problems, which has become a major and 
productive component of the researclr program, was inspired by previous work on 
iterative solutions of integi-al formulations of direct scattering problems. These iter¬ 
ative methods were described in [5.9] and a comprehensive review of these methods 
in electromagnetics was invited for inclusion in the 1990-1992 Review of Radio 
Science [3.6]. In addition, uniquely solvable integral equations for electromagnetic 
scattering from indentations in plane screens were devised [3.7], [5.4]. These equa¬ 
tions have application to problems involving small cavities in otherwise smooth 
surfaces. The subject of small scatterers was also pursued in other ways. Pre¬ 
viously obtained results on applications of the Kelvin inversion to low frequency 
scattering were used to obtain the solution of a canonical low frequency problem, 
scattering by a concave object [5.7]. The static image theory which attempts to 
characterize scattered fields by equivalent image sources producing them was ex¬ 
tended to the dielectric bphere [3.15], [5.14]. Finally the complete characterization 











of the low frequency ‘expansion” of the scattered field in two dimensions, when 
the field is no longer analytic in frequency, w?is accomplished for arbitrarily shaped 
scatterers and, in fact, general second order elliptic equations [3.11]. 


3. Publications supported under AFOSR Grant No. 91-0277 (copies 
included in the Appendix) 

1. Recent Developments in Floating Body Problems, T. S. Angell, G. C. Hsaio 
aind R. E. Kleinman, in Maihemaiical Approaches in Hydrodynamics, Touvia 
Miloh, ed., SIAM Publications, Phila., 141-152, 1991. 

2. Antenna Control and Optimization, T. S. Angell, A. Kirsch and R. E. Klein¬ 
man, pToc. IEEE, 79(1), 1559-1568, 1991 (invited paper). 

3. A Constructive Method for Shape Optimization; A Problem in Hydromechan¬ 
ics, T. S. Angell and R. E. Kleinman, IMA Journ. Appl. Math., 47, 265-281, 
1991. 

4. The Conductive Boundary Condition for Maxwell's Equations, T. S. Angell 
and A. Kirsch, SIAM J. Appl. Math, 52, 1597-1610, 1992. 

5. Multicriteria Optimization in Antenna Design, T. S. Angell and .4. Kirsch, 
Math Methods in the Appl. Sciences, 15, 647-660, 1992. 

6. Iterative Methods for Radio Wave Problems, R. E. Kleinman and P. M. van 
den Berg, Review of Radio Science 1990-1992, W. Ross Stone, ed., 0>rford 
University Press, 1993, 57-74. 

7. Electromagnetic Scattering by Indented Screens, J. S. Asvestas and R. E. Klein¬ 
man, IEEE AP 42, 22-30, 1994. 

8. A Modified Gradient Method for Two-Dimensional Problems in Tomography, 
R. E. Kleinman and P. M. van den Berg, J. Comp, and Appl. Math, 42, 1992, 
17-35. 

9. An Extended Range Modified Gradient Technique for Profile Inversion, R. E. 
Kleinman and P. M. van den Berg, Radio Science, 28, 1993, 877-884. 

10. Two Dimensional Location and Shape Reconstruction, R. E. Kleinman and P. 
M. \’an den Berg, Radio Science 29, 1157-1169, 1994. 

11. Full Low-Frequency Asymptotic Expansion for Elliptic Equations of Second 
Order, R. E. Kleinman and B. Vainberg, in Maihemaiical and Numerical j4j- 
pecis of Wave Propagation, R. Kleinman, et al., eds., SIAM, Philadelphia, P.4, 
1993, 296-301. 
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12. Asymptotic Approximation of Optimal Solutions of an Acoustic Radiation 
Problem, T. S. Angell, R. E. Kleinman, and B. Vainberg, in Inverse Scat¬ 
tering and Potential Problems in Mathematical Physics, R. E. Kleinman, R. 
Kress and E. Martensen, eds. Peter Lang, Frankfurt (in press). 

13. Blind Shape Reconstruction from Experimental Data, P. M. van den Berg, M. 
G. Cote and R. E. Kleinman, submitted to lEEE-AP. 

14. Modified Green’s Functions and Obstacle Reconstruction, R. E. Kleinman and 
G. F. Roach, in preparation. 

15. Low Frequency Image Theory for the Dielectric Sphere, I. /. Lindell, J. C- E. 
Sten and R. E. Kleinman, J. Electromagnetic Waves and Applies., 8, 295-313, 
1994. 

16. Full Low-Frequency Asymptotic Expansion for Second-Order Elliptic Equa^ 
tions in Two Dimensions, R. E. Kleinman and B. Vainberg, Math. Methods in 
the Appl. Sci., (to appear). 


4. Research Personnel 
T. E. Angell 
R. E. Kleinman 
P. M. van den Berg 
Ximning Jiang 
Wen Lixin 


- Principal Investigator 

- Principal Investigator 

- Scientific Investigator 

- Post Doctoral Investigator 

- Graduate Student 


Note that Dr. Jiang and Ms. Wen received no direct support under the grant 
but did w'ork on grant related projects. 


5a. Presentations supported under AFOSR Grant No. 91-0277 

1. Two-Dimensional Profile Reconstruction, R. E. Kleinman and P. M. van den 
Berg, North American Radio Science Meeting, URSI/IEEE-APS, London, On¬ 
tario, June 1991. 

2. Profile Inversion for Two Dimensional Scatterers, R. E. Kleinman and P. M. 
van den Berg, PIERS Symposium, Cambridge, M.4, July 1991 (invited tadk). 
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3. Iterative Methods for Electromagnetic Profile Inversion, R. E. Kleinman, X. 
Jiang and P. M. van den Berg, ICIAM, Washington, D.C., July 1991. 

4. The Far Field Scattered by Indented Screens, J. S. Asvestas and R. E. Klein¬ 
man, National Radio Science Meeting, Boulder, CO, Jan. 1991. 

5. A Novel Approach to Antenna Optimization, T. S. Angell, A. Kirsch and R. 

E. Kleinman, National Radio Science Meeting, Boulder, CO, Jan. 1992. 

6. A Rigorous Deri\’ation of Higher Order Boundary Conditions in Electromag¬ 
netic Scattering, T. S. Angell, R. E. Kleinman and S. Przezdziecki, Wave Phe¬ 
nomena 11: Modern Theory and Applications, Edmonton, Alberta, June 1991. 

7. Low Frequency Electromagnetic Scattering from Non Convex Bodies, D. Gin- 
tides, K. Kiri^i and R. E. Kleinman, IEEE/APS-URSI International S 3 'mpo- 
sium, Chicago, IL, July 1992. 

8. Conductive Problems in Scattering with Maxwell’s Equation, T. S. Angell, 
A. Kirsch and R. E. Kleinman, lEEE/APS-URSI International Symposium, 
Chicago, IL, July 1992. 

9. Iterative Methods for Intermediate Frequencies, R. E. Kleinman and P. M. van 
den Berg, lEEE/APS-URSI International Sj'mposium, Chicago, IL, July 1992 
(invited paper), 

10. An Extended Range Modified Gradient Technique for Profile Inversion, R. E. 
Kleinman and P. M. van den Berg, URSI International Symposium on Electro¬ 
magnetic Theory, Sydney, Australia, August 1992. 

11. Obstacle Reconstruction from Back Scattered Data, R. E. Kleinman and G. 

F. Roach, URSI International Sy'mposium on Electromagnetic Theory, Sydney, 
Australia, August 1992. 

12. Multicriteria Optimization in Arrays, T. S. Angell, R. E. Kleinman and A. 
Kirsch, Proceedings of JIN A 92 Congress, Nice, France, 1992. 

13. A New Inversion Technique for Shape Reconstruction, T. S. Angell, Xinming 
Jiang and R. E. Kleinman, URSI Radio Science Meeting, Ann Arbor, MI, June 
1993. 

14. Low Frequency Image Theory for the Dielectnic Sphere, I.V. Lindell and R. E. 
Kleinman, National Radio Science Meeting, Boulder, CO, Jan. 1992. 

15. Modified Gradient Techniques for Profile Inversion, R. E. Kleinman, P. M. van 
den Berg, British Applied Math Colloquium, Glctsgow, Scotland, April, 1993. 

16. Modified Green’s Functions and Obstacle Reconstruction, G. F. Roach and 
R. E. Kleinman, British Applied Math Colloquium, Glasgow, Scotland, April 
1993. 
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17. Profile Inversion by Simultaneous Error Reduction, R. E. Xlcinman and P. M. 
van den Berg, XX.IVth General Assembly of URSI, Kyoto. Japan, August 1993. 

IS. Reconstruction of <-he Location, Shape, and Composition of a Scattering Ob¬ 
ject, P. LI. van den Berg and R. E. Kleinman, Oberwolfach Conference, Meth- 
oden und Verfahren der Mathematischen Physik, Dec. 1993. 

19. Full Lov'-Frequency Asymptotic Expansion for Elliptic Equations of Second 
Order, R. E. Kleinman and B. Vainberg, SIALI-INRIA Conference on Mathe¬ 
matical and Numerical Aspects of Wave Propagation, Newark, DE June 1993. 

20. Asymptotic Approximation of Optimal Solutions of an Acoustic Radiation 
Problem, T. S. Angell, R. E. Kleinman and B. Vainberg, Oberwolfach Confer¬ 
ence, Methoden und Verfahren der Mathemaii.'chen Physik, December 1993. 

21. New Approaches to Numerical Solutions of Integral Equations, R. E. Kleinman, 
International Conference on Applied and Industrial Mathematics, Linkoping, 
Sweden, June 1994. 


5b. Interactions with other Laboratories 

Rome Laboratory, Hanscom AFB: Collaboration with personnel was initiated 
and is ongoing in two areas. With R. A. Shore there is a project on applying multi- 
criteria optimization methods to a class of antenna problems previously treated by 
other methods. With R. V. McGahan and M. G. Cote there is a project devoted 
to using experimental microwave scattering data as the input in inverse scattering 
algorithms. This collaboration has resulted in one joint paper submitted for publica¬ 
tion and a cooperative effort to organize a workshop on inversion using experimental 
data. 

Laboratory for Electromagnetic Research, Delft University of Technology, The 
Netherlands: Peter Vcin den Berg of that Laboratory has played a key role in de¬ 
veloping robust inversion algorithm and has collaborated on 13 of the papers and 
presentations listed in Sections 3 and 5a. 














Institute for Applied Mathematics, University of Erlangen, Nufenberg, Ger¬ 
many: Andreas Kirsch of the Institute has collaborated on the work on resistive 
boundary conditions and is currently involved in a joint book project on optimiza¬ 
tion methods in antenna theory. 

Laboratory for Signtils and Systems, National Center for Scientific Reseaich 
(CNRS), Fremce: Collaboration with D. Lesselier and B. Duchene of that Labora¬ 
tory has begun on extending inversion methods developed under the grant to more 
complicated problems such as detecting and identifying objects buried in a halfspace 
from scattering data collected above the half space. 

Electronics Laboratory, University of Nice, Sophia Antipolis: Collaboration 
with Christian Pichot on computing New'ton-Kantorovich and modified gradient 
methods for inverse scattering. 

6. Discoveries inventions or patent disclosures 

There have been no patent applications or inventions under the grant. The 
research results reported in Sections 3 and 5a are all in their own way discoveries. 
Perhaps the most striking of these w'as the success of our modified gradient algorithm 
in reconstructing the shape and location of an object from experimental scattering 
data in a “blind” test as described in [3.14]. 
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Chapter 10 

Recent Developments in Floating 

Body Problems 

T. S. Aagtil. G. C. Htiao, aad R. £. Kltinman 


10.1. Introduction. 

In tbia paper wt ouUia* (oma recent dcvclopmcata in the problem ofa body floating 
on a linearixed free surface subject to a time harmonic excitirg force. This prob¬ 
lem was ^cll known even before Fritz John (11] derived a Green’s function satisfying 
the linearized free surface condition and us^ that function to prove existence and 
uniqueness of solutions ua*ng integral equation techniques. John followed a standard 
approach to boundary value problems. First he proved uniqueness, that is there wes 
St most one solution of the boundary value problem. Then he formulated an inte- 
gral equation whose solutions lead, through an integral representation, to a solution 
of the boundary value problem, which, since only one was possible, was the unique 
solution. The existence of a unique solution of the integral equation was est.\blislied '' 
using Fredholm theory. John recognized the existence of “irregular frequencies', dis¬ 
crete real values of the wave number for which this integral equation was not uniquely 
solvable and he was forced to adopt a more complicated method explicitly involving 
the eigenfuncrions for proving existence and uniqueness for these snomolous values of 
the wave number. The problem of formulating uniquely solvable integral equations for 
all frequencies, suitable for numerical soiuvion, has occupied a central position in free 
surface hydrodynamics for decades. In order to apply the results of potentisl theory. 
John made a number of geometric assumptions on the shape of the ship hull. These 
essentially reduced to requiring that the closed surface formed by a ship hull and its 
reflection is the free surface formed a smooth (twice diiTerentiabie) convex surface. 
This restriction implies that the ship hull intersects the free surface normally and pre¬ 
cludes discontinuities in curvature even on the center plane. Considerable attention 
has been directed toward relaxing these assumptions. 

In this paper we will summarize some recent developments in a number of areas 
related to the floating body problem. Specifically we will review a number of uniquely 
solvable integral equations for non-smooth hulls, the present state of attempts to 
establish tne existence of 'weak” solutions, and some related optimization problems 
in hull design. 

10.2. Notation. 

■We will concentrate on the three dimensional finite depth case as illustrated in Fig. 

1. We fix-the. origin of a cartesian coordinate system in the water plane that is, the 
continuation into the ship of the mean free surface so that the e-y plane consists of 
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the mean free surface e/ tofether with the water plane c*. The fluid domain D+ is 
bounded by the linear!^ free surface c/, the wetted portion of the ship hull Ci and 
the bottom C'b which ia aaaumed flat at a depth />, that is, eg is the plane x = —h. 
Let D- denote the domain bounded by c, and We denote position vectors by 
p =: (z,y, 2 ) and often also employ polar coordinates x xz p cot 9, y = psin^ in the 
x-y place. 

The time harmonic three dimensional floating body problem with linearized free 
surface condition is usually formulated in terms of a classical boundary value problem 
for the complex velocity potential d(p) in the fluid domain as followa. Find d such 
that 

(la) 

(li) 

(Ic) 

Mid) 
ilc) 

where k is the wave 
(2) k = Jbo tauh koh , 

where ^ denotes the normal derivative dii.cted into D+. The function V is the 
specified boundary data on the .ship hull and may be chosen so that ^ representa any 
of the possible radiation components or a diffraction potential. Mathematically it is 
necessary to specify requirements'on Cs, the sense in which is to be taken on c,, 
and, tl^e dw of luncti/^.ijriari;!.. which the dat^ K is to be cboseq.in order to have a 
well posed (that is, uniquely solvable) boundary value problem. 

We will denote by {ei} the set of Urseil’s multiple potentials for the three dimeu' 
sionai fiaite depth case (Thome [25], Martin [19]} which have the property of satisfying 


5= 0 in £>4 • 
di 

^ = K on c, , 

n 

^ = 0 on Cfl , 

— + + 1^^ = 0 on c/ , 


5^ 

dp 


- i (bod = o(p“*/^) as p —► oo , 


number with Im k > 0, ko is the positive real root of 
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the boundary conditions on c/ and cb- We use the standard multi-index notation 


/ = (n, m,j); n, m := 0,1,2,..j = 1.2; j/j = n + m + j 
and define the multipole potentials explicitly to be 

<'J(P) := ^*nm (/), r) [j cos m6' + (1 - j) sin mH] - 


where 


rl>nm(.p,2) : = ^ J + k)eOJ„ 


C03h^(r+ h)/,n(t'p) ^ 
Q ^sinh^h — If cosh^A 


(M 




cosh t;(r + h)Jm{^p) 
{sinh.{/i ~ icosu^A 


d^ , n > 0 


the contour passing below the singularity kc in the complex (-plane. The set {vi) is 
complete on L^(c,] provided e, satisfies the rather stringent smootbnew conditions of 
John (Martin [20]). 

We may now introduce three Green's functions which Agure prominently in the in¬ 
tegral equation formulation. First is an elementary source whiui satisAes the boundary 
condition on Cii but not on c/: 


'fo(P.q) 


1 _ 

2»1p - q| 2irlp - ql 


where 


q:= (*,y,-»-2A) . 


Next is a Green’s function which satisAes the boundary condition on eg and the 
free surface condition on c/. This is the Green’s function of John for which various 
representations are known (e.g. Weyhausen and Laitone [28], Noblesse [21]). One such 

"Tjip, q) := -«53 

nsO " 

where 

JJ= yjp^+p}- 2ppp, cos(^y - ^,) 

and kn are the roots of equation (2) with non-negative real and imaginary parts. This 
Green’s function has a source strength double that of 70 on Cf and Cw. 

Finally we deAne a modified Green's function (Urseil [26]) to be 


00 

7M(Piq) :=7j(Piq)+ 53 ®''’Hp)''i(q) 
111=0 


where the coefficients ai are subject to two important restrictiotis. First the resulting 
series should be convergent for all p,q € S+. e.g. [ad < , : ,a - Vj;^x .for n, m > 0 , some 

c < c» amd Mi~ l*^i| second Im a; < 0 (note that this condition differs from 
P 6 iD+ 

that given by Urseil [28] only because we have chosen a different sign convention for 
70 and 7 /.) 
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Now we have three Green’s functioru of ever increasing complexity beginning with 
the relatively simple 70 , the relatively complicated 77 and the even more complicated 
yu. It should be remarked that all that we are presenting here for the Unite depth case 
may be repeated for iniin.ite depths where the potentials U| and the Green’s functions 
yj and yu simplify considerably. 

We can use thcee Green’s functions to define single and double layer potentials 
as follows; let 7 denote any one of 70 . 7 j or 7 m and c denote any one of the surfaces 
c«, c«, or c/; let u be a function (density) defined on c, then define 


5u 

■= j 7(P,q)«(q)<iaq . 

P€D+U 

D- , 

Uti 

“ I 

p€D+ 

UD. 

K'm 

:= / i-, , P 

c 

€c, 


Ku 


. P € c , 


and 




Su 


<f*q , P 

€ c. 


Note that *u is the direct value of Dv on e and 5u may be extended to all points on 
the closure of D-. We will append subscripts to indicate the particular choice 
of 7 and e, e.g., 

5,.ou := J 7 o(p. q)u(q) ds, . 

«. 

We remark that the density u and the surface c must be consistently restricted in 
order for the functions given above to make sense (e.g. Kleinman [12]). 

Having established this notation we may now proceed to questions of uniquely 
solvable integral equations. 

10.S.*. Uniquely Solvable Integral Equations. 

The uniqueness theorem for the floating body problem is easily proved if Im h > 0 for 
any C; for which Green’s theorem is available in This is shown by John [11] (see 
also Kleinmim [12]). However when Im i = 0 additional restrictions on the geometry 
of c, are ae<med, the essential one being that vertical rays from the free surface cj 
intersect the ship hull at most once. However it is not necessary to require normal 
intersections at the free surface (Kuznetsov and Maz’ya [13], Kleinman [12]) nor in 
fact is it necessary to insist that c« be smooth. Even with shapes such as those shown 
in Fig. 2, uniqueness for the floating body problem has been shown provided the 
angles indicated in Fig. 2 are restricted; 0 < o < if/2 and 0 < 0 < Preciae 
conditions on c, are given by Kleinman [12] and Wienert [30]. Even the condition 
that vertical rays from cj intersect c, at most once may be relaxed, a > rjl in Fig. 
2, as was shown by Simon and Ursell [24] in the two-dimensional case. Similar results 
in three-dimensions are eagerly awaited. 

With this uniqueness result for the boundary value problem we know that if an 
integral equatio n leads to a representation of a solution of the floating body problem 
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Fi«. 2 


it must be the solution. In the notation of the previous section a Green's theorem 
approach leads to a representation of the solution of the floating body problem as 

(3) , peD+, 
where u is a solution of the boundary integral equation 

(4) w + 'Ki,fws: S,,jV , pGc, . 

Alternatively, using a source distribution approach 

(6) d := S,,jw , pQD+ , 

where w is a solution of 


( 6 ) 


W + K,,JW = V , pec, 


Note that while we use the same letter to designate the solution of the boundary inte¬ 
gral equations in each case, these solutions will be different. In the Green’s approach, 
equation (4), w is the unknown value of d on c, whereas in layer approach it is not. 

If Im k > 0 then either integral equation is uniquely solvable. However, if Im b = 0 
there will occur discrete values of k (irregular frequencies) for which there will e.xi5t 
noD-trivial solutions of the homogeneous equations 


u> + K,,jw = 0 and w -t- K,,jw = 0 . 

The same values of t will be irregular for both equations but the corresponding solu¬ 
tions (eigenfunctions) will be different. 

For Im fc = 0 we list now a number of boundary integral equations which arc 
uniquely solvable together with the corresponding representation of the velocity po¬ 
tential in the fluid domain. 
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Boundary Integral Equation Representation of Solution 

in D+ 

( 7 ) w + 'Rgjw + T]N,jw = StjV + r}{K,^jV-~V) ——^D$,j'w + ^S,jV 

Im q # 0 

( 8 ) w+K,,jw + riN,,jw=sV 

hatj ^0 

(9) u» + — Sg,MV 

(10) tu += V 

(11) u) + 

(12) tu+7r4%u)+7?/,otu + iS/.otn = 

(13) J ui(q)-^vi{q)dSf = J V{<i)vi{<i)(U^ 

«• «« 

|/1 = 0 , 1 . 2 ,... 

We assert that all of these integral equations are uniquely solvable however it 
must be quickly added that rigorous existence proofs have not been carried out in 
any case. Such proofs are especially difficult for those equations involving the hyper'- 
singular operator Ni,j. Nonetheless e.-dstence of a unique solution of a complicated 
regularized form of (7) has been proven by Wienert [30] for nonsmooth surfaces as 
depicted In Fig. 2 for all functiona V which are integrable on c,. Then, following the 
procedure described earlier, this produces the solution of the boundary value problem. 
Once existence of this solution is established, any integral equation derived by a valid 
use of Green’s theorem will be assured of having at least one solution. The only 
remaining question is uniqueness and this has been established for all of the equations 
in the table. 

Uniqueness for equations (7) and (8) waa established by Kleinman [12] (see also Lee 
and Sctavounos, [15]) and numerical results using these equations have been presented 
by Lee and Scl'vounos [15] and by Lau and Bearn [14]. Note that existence for the 
layer equation (8) still uncertain. 

The modified Green’s functions used in equations (9) and (10) stem from the work 
of UrseU [26] and Martin [19] and Ursell’s proof establishes uniqueness. .\s before, ex-' 
btence for the equation stemming from the use of Green’s theorem is esaured vis the 
argument based ultimately on Wienert’s work, while existence for (10) is uncertain. 
However, since no hypersingular operators are involved, the theory of boundary inte¬ 
gral operators for potential theory in nonsmooth domains (Wendland [29], Burago and 
Maz’ya [5], Klciiunan [12]) should suffice to apply to establish existence and unique¬ 
ness for both these equations. The details have not been carried out however. It 
should be noted that a related modification of the Green’i function in which only one 
multipole potential was ad led underlay the work of Ogilvie and Shin [22] however 
while this was shown to eliminate one irregular frequency it will not eliminate all 
irregular frequencies. 

Note that equations (7)-(10) are boundary integral equations on Cw only while 
equations (11) and (12) ue not. Equation (II) is usually attributed to Ohmatsu [23] 
who in turn credits Wood [31]. Note that the integral equation is over both c, and 
Cw while the representatioki involves the restriction of the solution to c,. Ohmatsu 
proved uniqueness (ace also Kleinman [12], Chang and Pien [6] and, for an alternative 

) 


d = S,.jw-^ t)D,,jw 

d = 
d = 

d = -jDi./ui-f ^S,,jV 
d ~ -^Dj.otu- 

d = ■-\D,,jw+ ^S,,jV 
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but similar approach, Feraandea, [9])! Equation (11) employs the simplest Green’s 
function at the cost of integrals over the entire free surface c/. Originally derived by 
Bai and Yeung [4] and Yeung [32], uniqueness was rigorously established u, A^gell et 
ai. [1]. Numerical work has been done by Bai and Yeung and, for the two dimensional 
case, by Liu [18] 

Finally equation (13) is not strictly a boundary integral equation but an infinite 
set of moment equations, the so-called null field equations and uniqueness has been 
shown by Martin {19j, [20]. One vray of arriving at the null field eriuations is to 
employ Green’s theorem in D-. Another approach involving this idea supplements 
the boundary integral equation on c$ with the Green's identity evaluated at specific 
points irr D- . However adding only a finite number of such points does not suffice 
to establish uniqueness for all k. Nevertheless this method originated by Schenck has 
enjoyed numerical success [14]. 

10.4. Optimsd Dosign. 

In this section we turn to certain optimisation prolilrins rnlnted to the optimal difigii 
of the shape of a floating body. Regardless of whether the body is fully or only partially 
submerged, the quantities of physical interest include not only the wave patterns which 
can be derived from the velocity potential but also functionals of the potential such as 
added mass and damping factors which measure the distribution of energy in the fluid 
(see e.g. Wehausen and Laitoiie [28], p. 567). These factors are, of course, dependant 
upon the geometry of the body and it is this dependance which wc intend to study 
in this section. In particular we discuss bow these quantities may be optimized over 
restricted classes of body geometry. 

As the quantities to be optimized will depend on the velocity potential which in 
turn depends on the choice of surface, we will need lo consider a family of boundary 
value problems generated by an appropriately chosen collection of possible surfaces. 
If we denote this collection of surfaces by n then a boundary value problem (la)-(le) 
may be defined for each c. € H. The fluid domain D+ depends on c, and is denoted 
by ^^.(s). The corresponding solution may be indexed as di to explicitly exhibit its 
dependence on c,. Note that, because we are considering a family of boundary value 
problems, the data V in (lb) must be defined throughout the domain formed by the 
union of all surfaces in D. This is indeed the case, for example for heaving motioa 
where V = —n • i. 

The optimization problems under consideration involve functionals defined on 
the space of velocity potentials, that is. real numbers associated with each velocity 
potential which i.i turn depends on c, and V. When it is convenient to explicitly show 
this dependence we will write d»(p, V^). We confine our discussion to the problem of 
minimization since maximizing a functional L is equivalent to minimizing —L. Thus 
vith L denoting the functional, the optimization problem is that of finding c,, € D 
for a given V such that 


L{c„, V) < L(c ,, Y) for all Ci € D . 

Specific choices of L may be made to embody desirable design criteria. In particular 
wc may choose the functional to be the added mass in which case 

L{c,,V)=:Rf[ ,t>.(c,V)V(p}ds . 

Note that by appropriate choice of V the functional will represent the added mass 
associated with any of the six rigid body motions, diffraction or combinations of these 
motions. 
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For such optimization problems, there are two basic questions: that of the exis¬ 
tence of optimal solutions and, once existence is assured, that of the computation of 
the optimal solution. We will consider these questions in turn. 

In order to show that an optimal solution exists we use a reformulation of the 
boundary value problem in terms of a uniquely solvable boundary integral equation 
which will exhibit, explicitly, the dependence of the solution on the surface e,. This 
is needed in order to establish the continuous dependence of the solution 4$, not 
only with respect to the data V which is standard, but al.so with respect to the 
surface c,. This is a )nore di£5cuU mathematical problem. One method of proof 
paralleling that used by Angell et al. [2] and Angell and Kleinman [3] is to introduce 
an explicit parameterization oi the admissable surfaces and then transform the integral 
equations on c, to equations on a reference surface by introducing the Jacobian of 
the transformation. This essentially moves the dependence on the surface from the 
solution to the (now more complicated) kernel of the integral equation in which form 
the continuity is deduced. The technicalities are by no means trivial, even when the 
admissable surfaces are smooth. For non-smooth surfaces such as those depicted in 
Fig. 2, the details have yet to appear although the uniquel> solvable integral equations 
of Wieuert [30] are thought to provide what is needed for this approach. Once the 
continuity of the functional L is established on a suitably restricted class of admissable 
surfaces, it follows that L will assume its absolute minimum on this class . 

Turning now to the question of developing a constructive method to approximate 
the optimal bull configuration, we can extend the method used in [3] to treat the 
totally submerged body to the more difficult case discussed here. The constructive 
method proposed in [3] relies, not on the integral equation formulation, but rather on 
the availability of an appropriate complete family.pf solutions which we take to be 
Ursell’s multipoiejpoteatials {vt} introduced previously. The complelness properties, 
at least for the smooth case, were established by Martin [20] for the two-dimensional 
intinite depth case. Similar results for the present case remain to be established. 

Our construction procedure is a penalization method. Such methods usually in¬ 
volve the introduction of additional terms to the cost functional involving both the 
partial dUTerential operatpi and various initial and boundary conditions. The use of 
complete families allows us to simplify the method by introducing only the penaliza¬ 
tion term corresponding to the boundary condition on the (unknown) hull. 

Specifically we approximate d by a linear combination of multipole potentials each 
of which satisfies all conditions of the boundary value problem (except the boundary 
conditica on c,) for every c, € fl. Then for lixed N we seek constants and 

G n which minimize 

= lU / , f . / i t 

*• i<i*=o iii=o 

This approach is completiy analogous to that inti iduced for the totally submerged 
body [3] where we have shown that the sequence of minimizing surfaces exists 

and has cluster points and that these clutter points in turn approach a minimizer of 
£.(c,, V) as 1 / —>■ 00 . Details of this approach for the floating body have yet to appear. 

10.5. Weaic Solutions. 

In section 1.3 we discussed questions of existence and uniqueness of solutions of the 
floating body problem, equation (la-le), from the viewpoint of boundary integral 
equations. This indeed is the classical approach to existence for boundary value prol>- 
lems and of course also provides a basis for numerical solution such as the well known 
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panel methods. However there is another approach which has seen considerable activ¬ 
ity in the modern theory of partial differential equations. This involves a Hilbert space 
or variational approach and leads to so-called weak formulations and corresponding 
weak solutions which form the basis of finite element methods. While this approach 
has been used in water wave problems, a complete weak formulation and correspond¬ 
ing existence and uniqueness results for the present problem are still not available. 
One of the difBculties lies in the fact that the fluid domain is infinite and has an in¬ 
finite boundary. Some success has been reported by truncating the fluid domain and 
adapting available results in this simpler context Euvrard et al. [8], Bai and Yeung 
[4], Yeung [32]. Kuxnetsov and Maz’ya [13] considered the entire fluid domain but did 
not establish existence solely in the weak context, depending instead on the boundary 
integral results. Another attempt was presented by Lenior and Martin [17] but this 
result was flawed as discovered by Ursetl [27]. In the case when Im Jk > 0, a complete 
weak approach has been established by Dcppel and Hsiao [7]. In this section we give 
the essentials of this approach and indicate where difficulties remain. 

We begin with the derivation of the sfsgutiiincar form for the problem. Let us 
denote by Ca the surface of a cylinder of radius which contains the ship hull (ca = 
{(p,j)|p = a,0 < 0 < 2ir,0 < i < -h} and p < a for every p e c,). Applying 
Green's theorem to the solution d ^nd a test function V' in the fluid domain within 
the cylinder leads to 


j Vf^-VV’dq —i j J V\j)ds-\- j 


d6~, 

an 


where and cj denote the portion of D+ and c/ within the cylinder Ca. If it is true 
that 

/ Q i 

■~^ds — 0 
an 

<• 

we arrive at the equation 

(14) 5(^,0):= y Vd • VV'dsq — lb y dV.’ds = J ViJ^ds 

£»+ If e. 


which implicitly defines the sesquilinear form B(d, tf')- However the radiation condition 
(le) assures only that ^ on c« hence the test function must have more 

rapid decay as a — oo in order for the integral over c, to vanish. Equation (14) 
provides the basis for the weak formulation only after we specify the function spaces 
(Hilbert spaces) in which the test functions lie and in which the solution is sought. 
If the domain were finite then the standard energy space is which essentially 
includes functions which are square integrable together with their first derivatives 
over the domain. However for the problem at hand this space /f > is not appropriate 
for the solution ^ since ^ and its derivatives are not square integrable in D+ unles.s 
Im b > 0. 

For Im b =: 0 it is necessary to choose a different function space setting in order for 
equation (14) to be valid. The original boundary value problem dictates properties 
that the solution space must have in particular regarding the growth as p —* oo. 
Tnereforr wt choose 4 to be in by which we mean that d and its derivatives 

are squai integrable in any finite subdomain of D+ and the restriction of to c/ is 
square integrable on any finite subdomain of c/. 

This is not sufiBcient to ensure that the radiation condition is fulfilled and there¬ 
fore this condition must be imposed as an additional restriction. However with the 
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"solution space” so chosen it is necessary that the test function \i> lie in a different 
function space. A suitable choice is Htejnf{D+) by which we mean functions which, 
together with their first derivatives, are square integrable in D 4 . and in addition each 
function will vanish outside a bounded subdomain of D+ (not necessarily the same 
subdomain for every function). 

Now a precise weak formulation of the floating body problem is the following: 
given V € find ^ € H(ae(i7.|.) which also satisfies the radiation condition (le) 

such that equation (14) holds for all ^ 6 A solution in this case is called a 

vitak solution of the floating body problem. The next step is to establish the existence 
and uniqueness of a weak solution. Although progress in this direction has been made, 
the complete proof has yet to appear. In order to give some idea of where difficulties 
remain we will outline an approach when Im i: > 0 where existence and uniqueness 
can be established. 

When Im h > 0 the classical radiation condition implies that solutions decay 
exponentially as p —» 00 . This means that d and its derivatives are square integrable 
in D+ and 4> is square integrable on Cj. Now we may choose the .‘ipace of test functions 
as well as the solution space to be the same namely H 'D+) n equipped 

with a special norm and inner product. We define the inner product on this space to 
be 


■= I 




/■ 


and the induced norm ||d|| = This differs from the standard inner product 

since there is no term of the form / However it has been showji by Doppel and 

Hsiao [7] that this term is unnecessary, that is, the norm defined above is equivalent to 
the standard norm. Moreover the presence of the integral over the free i,urface enables 
us to establish the following so-called coerciveness property for the sesquiliuear form 
defined in (14). There exists a constant (which may depend on k) ^{k) > 0 such that 


1B(^,0)1> A(i:)iHP 


foralUe/f. 

In addition the sesquilicear form is continuous in the sense that there is a constant 
at such that 

15(d,t/')l<o|l^ll|lT/-|| 

for all d, 0 in H. 

finally the right hand side of equation (14) defines a bounded linear functional 
on H in the sense that 




Vdfdsj < P\\\li\\ 


for all 0 e /f where /? is a constant. 

The process of establishing these results is not trivial and details may be found 
in [7]. However once they are established, the existence and uniqueness of a weak 
solution is a consequence of the important Lax-Milgrara lemma, (see e.g. Friedman 
( 101 ). 

By a weak solution is meant a function d G // such that equation (14) is satisfied 
for all 0 € /f. It is relatively easy to sec that this weak solution will also satisfy the 
requirements given earlier for Im h = 0. 

In the case when Im t = 0, we would hope to establish similar results but the 
previously mentioned breakdown of square integrability on D+ causes difficulties. It 
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is possible to prove that the right hand side of equation (M) defines a bounded linear 
functional on ificmp(-D+) and it is also possible to establish the continuity of the 
sesquiliaear form. However the coerciveness property of the sesquilinear form has not 
been established and this is a problem of considerable magnitude. 

An alternative approach to existence and uniqueness in the case Imk = 0 involves 
a so-called “limiting absorption” principle see e.g. Leis [16]. This involves taking a 
limit as Im i —• 0 of solutions for Im Jb > 0, whose unique existence is known. 

To our best knowledge the only attempt to follow this idea is contaiaed in the 
work of Lenoir and Martin [17] but their result is subject to question because of the 
unavailability of a Rellich type lemma in this context. 
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A class of radiation problems is considered wherein an arbitrary 
smooth surface on which currents may be induced is treated as 
an antenna. A variety of measures of antenna performance are 
defined in terms of functionab of the radiation pattern. These in 
turn give rbe to a class of optimization problems in which the 
current dbtribution b sought which maximues or minitnbes one or 
another of the antenna performance functionals. A general method, 
based on the use of vector wave functions, of reducing each 
problem to one in finite dimensions b presented. Some numetlral 
examples are presented to illustrate results attainable by these 
methods. 

1. Introduction and Basic Problems 

Antennas, devices for transmitting or receiving electro- 
magnetic energy, take on a variety of physical forms. 
They cr i'e as simple as a single radiating dipole, or far 
more complicated structures consisting of nets of wires or 
solid conducting surfaces. In any specific case, questions 
arise &om the desire to control and even optimize the 
performance of the radiating structure through appropriate 
“feeding.” In this paper, we wish to review some com¬ 
mon themes arising in response to these questions and to 
present a general mathematical formulation which, if not 
encompassing all such problems, at least may serve as a 
unifying framework within which we may fruitfully study a 
significant portion of such applications. In this introductory 
seaion we will set notation and formulate some specific 
radiation problems. The second section is dedicated to a 
discussion of various measures of antenna performance and 
the formulation of some typical, and we believe imponant, 
optimization problems. The remaining sections are devoted 
to particular case studies. 

The most common class of antenna optimization prob¬ 
lems concerns arrays of elementary radiators and the lit¬ 
erature abounds in papers dealing with such stiuctures. 
Here we treat a different class of problems, those involving 
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closed three-dimensional bodies. Rather than consider ele¬ 
mentary radiators mounted on conducting bodies we treat 
the entire body as an antenna and address the question of de¬ 
termining that surface current distribution which optimizes 
some antenna performance characteristic. Ws state at the 
outset that we will make no attempt to discuss practical 
methods for producing particular current distributions. Such 
questions axe beyond the scope of this paper. Rather, 
it is our intention to pre.>ent tlie analysis of particular 
mathematical models which can be useful in engineering 
design, if in no other way, at least in so far as it clarifies 
theoretical limits. 

In this spirit, we will consider a prescribed radiating 
stmemre Z?_. with boundary S, as some subset of the 
usual three-dimensional space, which represents a physical 
body capable of supporting a flow of electric cuirent. We 
assume that D- contains the origin of coordinates. We will 
also assume that the boundary 5 is smooth (no edges or 
comers) and denote the connected exterior region by Dj.. 
We denote points by their position vectors x and y; if i e 5 
then the normal to 5 at the point x will be written fix. We 
will adopt the convention that the unit normal to S at any 
of its points is directed into the exterior domain D^-, the 
deiivative in the direction of hx will be denoted by djdnx. 
We will write r = lx| for the radial variable in spherical 
coordinates and x = x/r as the unit radial vector. In 
spherical coordinates x = (sin 6 cos v?, sin 5 sinv?, cos 9). 
Suppose that the region D^. exterior to this body supports 
an electromagnetic fleld. denoted as usual by the pair 
{E.H). Assuming hannonic time dependence this 

field is required to satisfy the time-harmonic form of the 
Maxwell equations 

'v X. B - ikZoH ^ 0 (11a) 

VxH + ikYoE = 0 (1.1b) 

where Zq = , Vo = 1: = and 

eg,Mo are the free space permiltivity and permeability 
respectively. Zq and Yo are the free space impedance and 
admittance. In the case of solid bodies, the interior may 
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also support such a field (with different k, Z, Y) as is the 
case in the transmission problems arising in electromagnetic 
scattering titcory. We will not discuss these problems here. 

We may imagine, in the case of a radiating structure, that 
the electromagnetic field is produced by a surface current, 
J, with total power given by 

Zo J^\J\^ds ( 1 . 2 ) 

where | J| denotes the magnitude of the complex vector J 
and ds is the element of surface area (on the unit sphere 
da = sin 6 dS dip). The surface current J has the same units 
as S (see (U) below) and tlic factor Zo ensures that (1.2) 
has the units of power. Similarly, we may define the total 
power in the near field in terms of the familiar Poyndng 
vector integrated over a sphere large enough to enclose the 
antenna. If such a sphere is denoted by 5a, then the integral 

A'Sx.ffdsI (1.3) 

represents the power radiated through the sphere 5a. 

Prescribing the current J on 5 provides the boundary data 
required for a well posed radiation problem. Specifically, 
the radiation problem consists of finding the pair {E\n) 
such that Maxwell’s equations (l.la)-(l.lb) are satisfied in 
D+ together with the Silver-Muller radiation condition 

xxVxE + ikE = o{l/r) 

as r oo 

ixV xn-^ikH = o{l/r) ( 1 . 4 ) 

and satisfying the boundary condition 

hx ff = J on 5. (1.5) 

Calderdn [1] has shown that this problem has a unique 

solution for every J € i?(5) where (5) is the set of all 
vector functions, defined in 5, whose normal component 
vanishes and whose magr^itude is square integrable. We 
consider the problem oi finding J so that the unique 
solution of the radiation problem described by (1.1a), 
(1.1b), (1.4), and (1.5) behaves optimally with respect to 
one or another of the criteria described in Section II. 

in problems of control of antennas, the property of 
interest is most often the radiated far field. Recall that the 
fields E and H arc known [4] to have the representation 

£(x) = , r-*oo (1.6) 

^(x) = X F(x) + j , r — 00 . (1.7) 

The vector function F, which has no radial component, 
IS called the radiation pattern. Tire power radiated into the 
far field is 

P = ^ Re I lim j n-ExHdaj (1.8) 


or in the notation of (1.3), V = limr—coPr- With (1.6) 
and (1.7), P may be written 

Is 

where 5i is the unit sphere. In terras of the L*-norra, 

We use the notation |1 • |li 2 {s,) to denote the norm of 
tangentiai vectors on Si, the surface of the unit sphere, and 
II • lli,3(S) to denote the norm of tangential vectors on 
the surface 5. It is important to distinguish between these 
two norms. 

As the problems of antenna control that we intond to dis¬ 
cuss are those in which some numerical measure involving 
the far field is to be optimized by selecting the appropriate 
surface current J from some preassigned subset of L^{S), 
it is necessary for us first to understand the mathematical 
relationship betv’..u? the current on the radiating body and 
the far field o', the resulting exterior fields. The fact that 
there exist uni )ue solu lions of the exterior boundary value 
problem guaraitees the existence of an operator !C which 
associates to each admissible current J the corresponding 
far field F. That is, for each admissible J on 5 there is a 
unique solution of the boundary value probleii, equations 
(1.1 a,b), (1,4) and (1.5), and this solution, in the far field, 
has a unique radiation pattern F, see equations (1.6) and 
(1.7), i.e., ICJ = F. This operator fC is not explicitly 
known except in special cases but some of its important 
properties are known. These may be inferred by examining 
the representation of the fields in terms of dyadic Green’s 
functions [2], [3]: 

H{x) = j J{y) ■ Vy X t{x.y) dsy (l-lla) 

^ ^ ^ (1-llb) 

where f is the dyadic 

f" = TiCi -r FjCj -t- I'jes (1.12) 

ij = 1.2.3 are rectangular unit vectors, and the vector 
fields r<, i = 1.2.3, satisfy 

Vx X Vx X Ti - k^Ti = CiSilx - y|) (1.13a) 


X X Vx X r, + zir; = o(l/r) as r oo (1.13b) 


fix X Fi = 0 on S. (1.13c) 

The r, have the same asymptotic behavior as the fields E 
and H\ 

r, = f=’,(i:.y)-r 0(l/r-) (1.14) 

r 
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where the functions Fi, i = 1,2,3, are analytic in the 
sense that their Taylor expansions converge. If we define 
the dyadic 

3 

then the far field pattern F is given by 

F{x) = -Zqx X j J[y) • Vy X r(x, y) dsy. (1.16) 

In spite of the fact that the kernel f (and hence f*) is not 
known explicitly except for certain special surfaces S, the 
continuous cMerentiability of the functions Fi in (1.14) 
guarantees that the relation (1.16) defines the required 
operator fC. In addition the relation (1.16) ensures that K 
is compact, that is, sequences {7„} which arc bounded in 
Lt[S) are mapped into sequences {KlJn} which converge 
to a function in Lt{Si) (more precisely a subsequence 
will converge). This property is of extreme importance 
in proving the existence of optimal current distributions. 
Moreover, by Corollary (4.10) of Colton and Kress [4], AC 
is a one-to-one mapping. We can also introduce the adjoint 
operator AC* (also compact) which associates to each far 
field F in Ii?(Si) a corresponding .7 in through the 
defining relation 

for all F € X?(Si), J e X?(S). (1.17) 

where (•.■)£’( 5 ) denotes the inner product in Xt(5) and 
similarly for’5i. With this notar.oii we see that we c n 
rewrite (1.9) as 

J>(J)= f (1.18) 

This form will be particularly useful in our later discussions. 

One disadvanuge of (1.16) is that, except in particular 
situations, we have no explicit form for t and consequently 
no simple way to compute the far field generated by 
a given .surface cunent. Although there are a number 
of ways attacldng this problem numerically, we want a 
method which will also prove amenable to the optimization 
problems which are our main concern. One such method 
involves the use of complete families of solutions whose 
asymptotic properties are easily calculated. Such families of 
functions arc available in terms of a distribution of dipoles 
in D_ [ 1 ], [5] or alternatively as multipole? at the origin 
[ 6 ]. We choose the latter approach. Following MUller [7] 
we introduce the functions 

t/'n,m := Pnicos 6) COS mifi 

n = 1 .CO, m = 0,_n 

t/'n.m ;= F,r”‘(cos 6) sin mip 

n=l,...,oo. 771 = -!, — -n (1.19) 

where are the associated Legendre functions of degree 
n and order m. Denoting the phcrical Hankel functions 


of the first kind by Ain, we choose the collection of vector 
wave functions, defined in R^\{ 0 }, 

^ := {V X (iAi„(fcr)ti>„,m), 

V X V X (x/i„(A:r)V’n.m): 
n = 1 ,... ,c», Tu =-n,... ,n} ( 1 . 20 ) 

whose far fields form the collection 

F := j-y-Vti'n.n. X X (V-0„,„ X i) ; 


For simplicity, we will reindex these families and write, 
simply, 

s = 

and 

Now define the set of tangential vector fields on the surface 
5 in terms of the restriction of ^ to 5 by 

Q^{S) := {tixyjr-i. 

Then 

/n = AC(»iXi,„). (1.22) 

Since S is taken to be fixed we introduce a shorthand for 
elements of Qt{S) 

9n-nxg„. (1.23) 

The usefulness of this family is expressed in the following 
theorem. 

Theorem 1.1.: Let 5 be a smooth closed surface contain- 
irg the origin in its interior. Tlien the family of functions 
QiiS) is complete and linearly independent in Lj(S). 

The proof is due to MiiUer [7] who specifically applied 
the results of Calderdn [ 1 ], and Wilcox [5], Moreover't is 
straightforward to establish the following. 

Corollary 1.1.: The family of functions F is complete 
and linearly independent in L^{Si). 

Since the set St{S) is complete in Lt{S), any surface 
current can be approximated to any desired degree of 
accuracy by an appropriate linear combination of elements 
of QtiS). Thus given any e > 0 there exists an integer N 
and coefficients ,n = such that 

N 

n=l 

Here, tire choice of coefficients depends on the number of 
terms used in the approximation for, while the set Gt{S) 
is a complete linearly independent set, it is not in general 
an orthogonal family. 

If we write 

/■'’> = ^ (1.25) 

nsel 
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then the corresponding far field * is simply given by 

Fi^> = (1-26) 

n«l 

the specific fonn of the f„ being given in (1.21). Certainly, 
since fC is continuous and bounded, we have that 

< ce (1.27) 

for some suitable constant c so that the far field F^^’ like¬ 
wise approximates F according to (1.27). Thus the use of 
complete families of solutions will allow us to approximate 
the far fields produced by given surface currents without 
the explicit knowledge of the Green’s function. We remark 
that the dependence of the far field on the surface S, which 
is explicit in the use of Green’s function, is present in the 
approximation method in that the coefficients will depend 
on 5. It should be noted that these complete families have 
been used successfully to solve the boundary value problem 
by minimizing the error in satisfying the boundary condition 
[8). However there are many competitive methods, e.g., 
boundary clement or moment methods, which may well 
be supeiior for that purpose. Our use of these families 
is motivated by their convenience in finding approximate 
solutions of the antenna optimization problems described 
in the next section rather than solving boundary value 
problems. 

11. Measures of Antenna Performance 

Traditional measures of antenna performance involve a 
number of scalar quantities including power radiated into 
the far field as given by (1.9). Other quantities which figure 
in the literature as useful design parameters include direc- 
livin', gain, and signal-to-nou:e ratio (SNR). Tlie directivity 
is defined as a normalized ratio of the power radiated in 
a particular direction to the total power radiated into the 
far field 

Z}(i;) = 47ryoif’(i)r/7’. (2.1) 

The maximum directivity, Le.. D ;= maxj. D{x) is fre¬ 
quently used as a mea^^ure of the ability of the antenna 
to focus in a given direction. The gain, measured with 
respect to a given direction, is defined as a normalized 
ratio of the power radiated in a given direction to the total 
power fed to the antenna. In the present context we make 
no assumption on the cSiciency with which power fed to 
the antenna is converted into surface current J. Rather we 
define the quantity radiation efficiency 

G(i) =47rTo'lF(i)|VllJ!l'^.(5) (2.2) 

and the corresponding maximal radiation cfficieiny G — 
maxj G(x). The quantity G{x) coincides with the usual 
concept of gain only if ail the power fed to the antenna 
were converted tc surface current. In addition there are 
various so-called "quality factors." defined differently by 
various authors, but all intended to measure the “efficiency" 
of an antenna by comparing the power radiated into the far 


field and the power supplied to the antenna strucmic. In 
particular, one proposal for the quality factor, Q, is 

We will use this form for illustration purposes only and refer 
to the book of Rhodes [9] for a more complete discussion 
of quality factors. We pause to remark that this definition 
of quality factor is connected with the far field operator in a 
fundamental way. Specifically using the far field operator K, 

11 ^ 11 '= 

Jaus) 


Hence, 


JgL;{S) 


Yo^Q{J) = 


The notions of directivity and radiation efficiency as 
given above by (2.1) and (2.2) respectively, represent an 
idealization of quantities that can actually be measured. It is 
more realistic to interpret measurements of the intensity in 
the far field as averages over (perhaps small) patches of the 
unit sphere. In paiticular let q{x) denote the characteristic 
function of a measurable sector of 5], i.e.: 


a(i) a 


1. x € sector 
0. X 0 sector. 


Then we may generalize the concepts of directivity and 
radiation efficiency in u particular direction by replacing the 
expression lF(x)|^ with an average over a sector containing 
the particular direction x: 


^-/ - 

L=(s,) 






where a is the characteristic function of the sector. Then 

ter.'ilofllt.,,, 


47ryo2i|QF||2, 

arc the generalized directivity and radiation efficiency in 
the sector characterized by q. If the sector shrinks to tbs 
point io {a{x) = 1, i = io; alx) — 0 x Xq), then the 
generalized directivity and radiation efficiency become the 
noimwise quantities given by (2.1) and (2.2). If the sector 
IS the enure unit sphere (fti(x) = 1. i S Si) then 

D[q,1 = 2 (2.9) 
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and 

G[ai]=i. (2.10) 


Thus the problem of maximizing the reciprocal of Q is 
a special case of the problem of maximizing the radiation 
efficiency Gfoi]. Corresponding to (2.5) it may be seen that 


sup G[a] = 
JeLUs) 





( 2 . 11 ) 


Another performance criterion involves the concept of 
noise. Noise may be characterized by a function u defined 
on the unit sphere which distotts the radiation pattern. A 
measure of how much the radiated field is distorted by noise 
is given by 



and the SNR is defined to be 


SNR(i) 


Is, ds 


( 2 . 12 ) 


where the variables of integration in the denominator have 
been changed to avoid confusion. Again, we may define a 
generalized SNR as 


SNR[q] := 


WaFf 


X?(5i) 


iQlli 


(.Si) 


4 u(xy |jP(i)|2d5' 


(2.13) 


Since we can relate the far field to the surface current 
which generates it, then problems of optimizing a specific 
performance criterion can be viewed as particular cases 
of the problem of maximizing a functional J{J) where 
the surface current J varies in some set of functions 
on the surface S which represents physically realizable 
cunents. This requirement of physical realizability typically 
introduces constraints in die optimization problem. If U 
represents the set of realizable currents die constrained 
optimization problem is that of finding 


sup J{J). (2.14) 

J^u 

The question of a concrete description of this set U is an 
engineering problem the details of which arc beyond the 
scope of the present discussion. One may refer to [10], 
[11] for typical examples. For mathematical reasons it is 
necessary to require that U have certain propenies, namely 
that it be closed, bounded, and convex, i.e., that it contains 
ail line segments joining two points of U. In our examples 
we lake only the most obvious constraint sets. In particular, 
we constrain the total power on the antenna by taking the 
bound 

for a suitable constant M. Such a constraint is intuitively 
reasonable as it is certainly true that the power supplied to 
an antenna is limited. 


In addition, such quantities as the directivity or the quality 
faaor may well figure in the definition of admissible inputs. 
Thus for example, a bound on the quality factor limits the 
amounts of energy stored in the near field. The relation 
(2.5) shows that Yq Q is bounded by 1/||^||^ where K 
is the far field operator. Insofar as the far-fieid operator is 
determined by the physical struemre of the antenna, e.g., its 
shape, or the materials from which it is made, we can say 
that antenna structures with large values of ||X1|| have low 
quality factors and hence store less energy in the near field. 

With these various measures of antenna performance in 
mind, a number of specific optimization problems may be 
formulated. Roughly speaking, the optimization problems 
in the literature fall into two categories. The first, which 
we may call the synthesis approach, specifies a desired 
far field pattern (which may or may not be realizable) and 
asks for an admissible current that will produce a far field 
most closely approximating the desired pattern. Tlie second, 
more indirect approach, chooses some performance critC" 
non associated intrinsically with the antenna and asks for 
that current which optimizes that criterion, as for example, 
when one asks to maximize the radiation efficiency. For 
the purposes of the present discussion we classify some 
common unconstrained problems in the Table 1. 

All of the optimization problems listed in the third 
column are of the form: find J, the surface current in U, 
the clcss of admissible currents, which optimizes a cost 
functional. The cost functional (e.g., \fCJ - Fp ds, 
a(i:) |/CJ(i)p ds, etc.) associates a nonnegative real 
number with each J in U and the optimization problem is 
to find that J which produces the largest or smallest such 
number. 

It is often die case that one perfoimance criterion is used 
as a constraint in the optimization problem for one of the 
other criteria. Thus for example Kitsch and Wilde [12], 
[13] have considered the problem of maximizing the SNR 
subject to an equality constraint on the quality factor. More¬ 
over, certain of these criteria, as with Kirsch and Wilde, 
are chosen sc that the optimization implicitly controls the 
occurrence of undesirable effects. Clearly, maximizing the 
SNR inherently constrains the noise. Similarly maximizing 
radiation efficiency involves a balance between the far field 
in the desired direction and the amount of power at the 
radiating surface. 

Another approach is to use constraints which explicitly 
restrict inpuu or outputs. Consider, for example the gener¬ 
alized SNR with w chosen to be 1 - a. Then we have a 
criterion which tends to increase the power in the desired 
sector while decreasing the power in the complement. This 
can be viewed as one approach to maximizing power in 
the beam while keeping power low in the side lobes. 
Alternately, one could proceed as suggested by Angcll and 
KJeinman [14], by maximizing the functional 



a iF’(x)p dx 


(2.17) 
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lUflc 1 


Perfonninct Criierioa 

Pinem ouicbing lo desired F (coniiDuous) 

Paaem matching to desired F (discrete) 


Definition 

f (i)l’di 


Optimizadoa Problem 


Power in a sector with ctiaraoeiislic a 
Signal to noise ratio 
Generalized signal to noise ratio 

Quality faaor 
Radiatioa efficiency 
Generalized radiation effidency 

Directivity 

Generalized directivity 


^ a(i)|F{i)pda 


Jsj 

«(±)> \F{itWr. 


Zl 




<»Vo aliFl’dj 

Js: ••‘•It 

eirVc 

<*■^0 a\F\^it 


'^JeoJsi a(*)ix:/(i)|’di 

ev/j a\icj\^i§ 

.a.;, |ji3a. 

_ arrs; Jr±i|3 

““■rey 

4» aiJCj\^d9 


with the side condition 



1(1 - cz(i)) |F(x)|^ I < M 


(2.18) 


for some suitable choice of constant M. It would be 
interesting to compare the results of these two approaches. 


in. Maximizing Power Radiated in a Sector 
We illustrate this general approach to antenna optimiza¬ 
tion problems with one of the specific problems discussed in 
the previous section, namely determining the current distri¬ 
bution on a surface S which optimizes the power radiated 
in a sector of 5] with characteristic function a. This is 
done by reducing the problem to a generalized eigenvalue 
problem which is solved approximately by projection onto 
a finite dimensional subspace. Here we will summarize the 
detailed results of [14], [IS], and [16]. 

As indicated in the table of Section II the optimization 
problem is to find 

max [ a(x) |ACJ(i)|^ ds 
J^u Jsx 

where, using the constraint given in (2.15) with M = 1, 

l/ = {J6l?(S)|||J||£j(55 <l}. (3.1) 

Since a(x) is real (a = 1 or 0) we may generalize (1.19) 
and write 

V{J:a) = j a{x)\?CJ\^ds 

(3.2) 


Since a current J which optimizes 'P{J: a) also optimizes 
any constant times V{J; u), '.'or notationai convenience 
we omit the factor ^ in th'^ definition of P{J[ ct). We 
recall that the operator AC which maps £.<(5) into L((5i) 
and its adjoint AC’ which maps -* Ll{S) arc 

compact but not in general known explicitly. Even so this 
characterization of the cc^st functional 'P{J, a) proves very 
useful in determining approximate optimizeni. 

The first question to be answered, however, is whether 
the optimization problem has a solution, that is, does there 
exist Jq £ U such that 

V{J, a) < V{Jo, q) for all JqU. (3.3) 

The answer is in the affirmative and moreover there is 
an optimizer Jo for which l|/ollia(S) = 1 "^ven though 
we search in U which contains surface cunents for which 
WJh^AS) < !• Details may be found in [14], 

Having established existence of an optimal current it 
remains to actually find it. To tfiis end the characterization 
of the cost functional in terms of the operators AC and AC* 
in (3.2) proves useful. First observe that the operator 

R := AC'qAC : i?(5) - i?(S) (3.3) 

is self-adjoint, compact, and non-negative since 

(AC*aACJ.J)ij;,) = (aA:j,ACJ)^j(^_) 

= ||qACJ|^=(^_)>0. (3.6) 

This means that the spectrum of R is discrete, real and 
nonnegative and the multiplicity of all nonzero eigenvalues 
is finite. It then follows that if (Aq.Jo) is a.n eigen¬ 
value-eigenfunction pail for R such that Ao is the largest 
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eigenvalue 


sup — Aq . (3.7) 

J €1^1 

This reduces the optimization problem to an eigenvalue 
problem. 

The next step is to provide a method for approximating 
the optimizer Jo, the associated far Held J^o ^nd the optimal 
power V{Jo,q) = Aq. Here we make use of the complete 
family Qt(S) introduced in Section I. Our strategy is to 
employ a Galerkin procedure which involves projections 
onto finite dimensional subspaces. Let us define the finite 
dimensional spaces 

!?('"Uspan{aUiLi - (3.8) 

and the associated far fields 

span = (3-9) 


where /„ and are given explicitly in (1.19)-(1.23). In 
the finite dimensional space the optimal current is of the 
form 

N 

(3.10) 


subject to the constraint 

w^hus) - 

The eigenvalue equation 


N 


= 1 . 


LUs) 


RJ=XJ (3.11) 


eigenvector (Co,n) (there may be more than one) of the 
generalized algebraic eigenvalue equation 

E = Al''> f; CM.9l)c,fs) ■ 

nasi nsl 

(3.15) 

The fact that the solution of this finite dimensional problem 
can be used to approximate the solution the original opti¬ 
mization problem is considered next. Define the functions 

4^5 :=f;Cc,„p5. -(3.16) 

n*=l 

and 

(3.17) 

nml 


Since we have not imposed the requirement that 
||Jo^^|| 2 ,>^ 5 ) = 1, let us introduce normalized coefficients 


and define 


and 


f?o.n = 


f'O.n 


114^^11 


LUs) 



n = l 


4 "’ - E 


,v 


(3.18) 


(3.19) 


(3.20) 


becomes 

(3.12) 

nsl nMl 

and we seek the largest eigenvalue which we denote by 
Forming the inner product with p{„ leads to the 
generalized algebraic eigenvalue problem 

."■•1 n=l 

(3.13) 
But 

= (^Q^Sn-Jm)Lj(s) 

= («/„./, 

Here we sec the value of the particular family QtiS) 
, because even though the operator R may not be explicitly 
known, the functions pj, and /„ are explicitly known (see 
(1.20) and (1.21)) hence the quantities (pj,,pf,) 2 ^=( 5 j and 
(<x/n-/m) 2 ;,’( 5 i) ntay be calculated explicitly. The problem 
of antenna optimization is thereby reduced to determining 
the largest eigenvalue Ag^^ and an associated (V-component 


It then follows, as proven explicitly in [15], that 

lim A^'^’^^Ao. (3.21) 

aV-*00 

Moreover there exists a subsequence of {call it 
that 

lim = Jo (3.22) 

M—oo 

where Jq is an optimal current distribution, i.e., 

Ao = 'P(Jo;q), (3.23) 

and an optimal radiation panem is given by 

Fo= Hm (3.24) 

This procedure has been carried out numerically for spher¬ 
ical and ellipsoidal antennas [17]. As an illustration we 
present in Fig. 1 the optimal radiation panerns for three 
difficrent surfaces, a sphere of radius a, ellipsoid with semi 
axes .9a. a, 1.1a and ellipsoid with semi axes .5a, a, 1.5a. 
Our examples arc chosen to demonstrate the effeaiveness 
of this optimization method in finding current distributions 
which give rise to radiation pat'ems with two separated 
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Fig. 1. Maximizing Power Radiaied in a Secior-Magaitude oC 
optimal radiation patterns for ellipsoidal antennas with two main 
lobes. 

main lobes. Thus tiie sector in which power is to be 
maximized was characterized by the function 

fi. l^-fl<-if«. tls 

1. |<i|<ifg. (3.25) 

[O, all other (9,0) 

The magnitude of the optimal radiation pattern is plotted 
in Pig. 1 for two planar sections, one longitudinal bisecting 
both main lobes and one latitudinal containing one main 
lobe. I'he same sections are used for all three surfaces and 
the shape of the optimal radiation patterns is seen to be 
remarkably similar, although it should be remarked that 
quantitative comparisons are not to be made since different 
scales were used in different patterns. All calculations were 
carried out for ka = lU and N = 198 (conespond- 
ing to a maximum order of 9 for the spherical Hankei 
functions in (1.20)). We note that wliile these patterns 
display main beams which arc considerably wider than 
the sectors characterized by a, the qualitative structure of 
the patterns conforms well with the desired perfoimance 
criterion embodied in the optimization problem. This ex¬ 
ample illustrates the feasibility of actually solving one of 
the optimization problems of Section II and thus provides 
the antenna designer with a usable mathematical tool for 
finding optimal current distributions on conformal antennas 
of known configuration. 

For a different approach to tliis problem of maximizing 
radiated power, we refer the reader to the Diploma Tliesis 


of H. -G. Burdinsky [18] who uses a gradient method to 
approximate the optimal solutions. 


rV. OPTlMIZAnON OF SNR 

As a second example, we consider the problem of op¬ 
timizing the SNR subject to a constraint on tlie Q-factor 
(see (2.3)). This example is an extension to the three- 
dimensional case for Maxwell’s equation of the two dimen¬ 
sional problem considered in [12], [13]. Thus we consider 
here the problem of maximizing the functional 


SNR(i) = 


|F(x)p 


iO(i)|2 


Js.^^iyyiFivWds 

subject to a constraint 




(4.1) 


Q{J) = ( 4 - 2 ) 

where, in (4.1), ui represents the noise distribution which 
is assumed to be nonzero on at least some portion of Si 
while, in (4.2) C is a given constant. 

For each hxed value of x, (4.1) defines a functional of 
J which we denote by SNIl(J). Hopefully this abuse of 
notation will cause no confusion. The denominator of this 
functional vanishes only if the function uj{x]F{x) = 0 
almost everywhere however our assumptions prevent this 
from occurring. 

The basic existence result of [13] states that if there is 
any nontrivial J € L^{S) satisfying the constraint (4.2) 
tlien there exists an optimal solution, that is, if ^'o = 
sup{SNR(J) IJ 5 ^ 0, Q{J) < C}, then vo is finite and 
there exists some admissible Jo such that SNR(Jo) = vq. 
The proof relics heavily on the fact that not only is /C a 
compact mapping from square integrable functions on S to 
square integrable functions on Si but K. is also bounded 
as a map onto continuous functions on S. Ihe details of 
the proof for tlic electromagnetic case discussed here may 
be inferred from the proof for the two-dimensional case 
appearing in [13]. Note that it is always possible to ensure 
the existence of J satisfying the constraint (4.2) by taking 
C sufliciemly large. 

Further analysis shows that, at each optimal solution, Jq, 
of this problem the coiisuaint (4.2) is naive by which is 
meant that 


Q[Jo) = c ( 4 . 3 ) 

(sec [13] Theorem 2.2 for details). Clearly under these 
circumstances any solution of the optimization problem is 
likewise a solution of the related problem of maximizing 
the functional (4.1) subject to the equality constraint (4.3). 

For numerical calculations we replace 'ht Hilbcn space 
IiJ(S).by the finite dimensional space (sec (3.8)), 
which then replaces the original constrained optimization 
problem with one in finite dimensions: 

max SNR( J) (4.4) 
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Fii;. 2. Maximizing SNR-magniiude of oplimaJ far Held (—) anci tile 
demit)’ of the aasocUied tingic layer (• - •)■ 


for 

J € (4.5) 

subject to 


yo^Q{-n<c. (4.6) 

lip; Hr a,,, 

Choosing C > ■ ensures tlic solvability of the 

ll/ilira 

finite dimensional optimization problems for all N. In order 
for the solutions of these finite dimensional problems to be 
useful, we must, of course, have a convergence result. Such 
a result is given by Thcorera 3.2 of [13]. In the present 
conte.xt we can assert that the set {Jq^} of normalized 
optimal solutions of die finite dimensional pioblems has 
at least one acaunuiation point in L^iS) and every such 
accumulation point is optimal for the original problem. 

Actual computations for the finite dimensional problems 
are c:arried out in [12] using a generalized cost functional 
in which the quality factor constraint is included with a 
Lagrange multiplier. The multiplier rule, applied in the 
space L^(S), leads to a system of nonlinear equations for 
the multiplier pq and the optimal current Jq, 


1 

a 


j^Jo(.yi)^(x.yO dsy^ 


(i.y) 


+ po{I - CK'tC) Jo = 0 (4.7) 

{Jo,{I-CK.'K)Jq) = Q (4,8) 

where the tensor ^(x,y) = Zo Vy x r(i,y) x x, which 
are then projected into tlie finite dimensional space 
Actually, computations were carried out in [12] for the 
two dimensional case for H-poiarization (J =: fu(x,y) on 
J where f is a unit tangent vector) for u of the special foim 
of a single layer distribution with density h; The surface 5 
was taken to be a circle of radius a and the noise distribudun 
w was taken to be the characteristic function of an arc of 
200'^, that is for 


y = (cos sin 6), -tt < 5 < rr 


w(y) = 


l,j(9- f| < 100“ 

0,j^- ^-1 > 100“, 


Figure 2 shows the magnitudes of the optimal far field pat¬ 
tern and the density of the single layer which produces this 
far field for three choices of the direction x = (cos 6. sin S) 
in which SNR (x) is maximized. Also included are the 
optimal values of SNR and the multiplier pq. In these 
examples ka = 6, C = 10. .Y .•= 15. 
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Certain hydromechanical quantities associated with a floating or a totally 
immersed body depend explidtJy on the body’s geometry. In this paper, the 
authors consider the problem of choosing the shape of the body so that one such 
quantity, added mass, is opdmized. In particular, a constructive method of 
penalization type is proposed which depends on the availability of a complete 
family of solutions of the original boundary value problem and it is shown how 
such families may be generated. 


1. Introduction 

When a body, floating or submerged in an infinite, ideal, inviscid, and irrotational 
fluid is subjected to a periodic vertical displacement, a wave pattern is created in 
the fluid. TTie problem of determining this pattern from a knowledge of the body 
geometry and applied forces is well known in fluid mechar»,'s. 

In problems with either partly or fully submerged objects, quantities of physical 
interest are not only the wave patterns which may be derived from tlie velocity 
potential but also functionals of the potential such as added mass and damping 
factors which measure the distribution of energy in the fluid (see e.g. Wehausen 
& Laitone, 1960: p. 567). Tljcse factors arc dependent on the body geometry and 
the natural question arises as to whether such quantities may be optimized over 
restricted classes of body geometry. 

The question of optimizing the added mass or similar functionals by choosing 
tlic shape of the objea was addressed by Angell etal. (1986), who established the 
existence of an optimal shape for a totally submerged body for a fluid of flnite 
depth in an appropriate function-space setting. This problem is again considered 
in rise present paper, this time presenting a constructive method for actually 
flnding shapes which optimize added mass or damping. In the terminology of 
optimal control, the problem is one of optimization of geometrical elements (see 
e.g. Lions, 1972). Other optimization problems of this general class have been 
studied previously by, for example, Cea and co-workers (1974, 1975), Chenais 
(1975), and Pironneau (1973, 1974). However, m contrast to much of this earlier 
work, the natural setting for our problem is in an unbounded rather than in a 
bounded domain. 

It unll come as no suq}rise to those familiar with the peculiar difficulties 
associated with exterior boundary value problems that it is particularly useful to 
reformulate the original problem, which here includes not only boundary 
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conditions given on the bounded surface of the body but also those on the free 
surface and on the bottom (both of which are of infinite extent), as a uniquely 
solvable integral equation defined on the boundary of the body. The efficacy of 
the boundary integral equation approach depends, at least in the first instance, on 
the uniqueness of solutions to the original boundary value problem. This 
uniqueness question should not be confused with the question of uitique 
solvability of some boundary integral equations derived, say, from a layer ansau. 
This latter question is sometimes referred to as the problem of irregular 
frequencies. 

The unique solvability oi die boundary value problem for the floating body is 
not completely understood, although, as John remarked in his fundamental paper 
(John, 1950: p. 49), ‘There appears to be no physical reason why... the primary 
wave motion together with the motion of the obstacie should not determine the 
motion in the liquid uniquely’. In that paper, John established uniqueness only 
with certain restrictiens on the body shape, in particular that it be convex and 
smooth, that it have normal intersection with the free surface, and moreover that 
vertical rays from the free surface intersect the body at most once. These 
conditions may be relaxed somewhat (Kleinman, 1982; Simon & Ursell, 1984) but 
some nonphysical restrictions remain. 

Wlien the body is completely submerged. John’s uniqueness proof no longer 
applies. However, Maz’ja (1978) has provided a proof for a class of bodies 
delimited once again by certain geometric restrictions. The recent and interesting 
paper of Hulme (1984) discusses the result of Maz’ja and effectively describes the 
geometric meaning of the rc-sult. Wc will give a precise statement of this result in 
the next section. At this point, suffice it to say that Maz’ja’s condition provides a 
reasonable class of bodies for which we can assert ihe uniqueness of solutions of 
the boundary' value problem in the case when the body is totally submerged. 

In the case of the totally submerged body, Angell eial. (1986) derived, by using 
a Green’s function, an integral equation which is uniquely solvable (or all 
frequencies. This Green’s function, introduced by John, is that appropriate to the 
entire fluid domain with no body present and satisfying the boundary conditions 
at the bottom of tiie fluid (assumed fiat) and the Imearized frec-surface condition 
on the entire fluid/air boundary. It is the formulation of the boundary value 
problem, the statement of Maz’ja's theorem, and the derivation of this boundmy 
integral equation that are summarized in the next section, while Section 3 
contains a description of the optimization problem and a statement of the results 
obtained in Angell cr al. (1986) concerning the existence of an optimal body 
shape. 

It is the final section. Section 4, which contains our mam results. There we turn 
to the question of a constructive method for finding approximate optimal 
surfaces. Wc prove that certain families cf functions form complete families of 
solutions and propose a penalization-type method for the constructive solution. 
ITie idea of using complete families to find approximate solutions to elliptic 
equations goes back at least to the work of Piconc and of Fichera (see Miranda, 
1970, for references). Angell & Kleinman (1984,1985) have used such families in 
treating some optimization problems which arise in acoustic and in electromag¬ 
netic radiation problems. An approximation method similar to that proposed here 
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is discussed in the context of an inverse transmission pTOblem by Angeil ct al. 
(1987). A related method in the inverse acoustic problem has been reported by 
Kirsch & Kress (19861. 


2. Hie exterior bouKiazy value problem 

We are concerned Miith solutions of Laplace’s equation in a domain D c 
unbounded in the x and z directions and exterior to a bounded boundary F, 
which is assumed to be a Lyapunov surface of index 1. A Cartesian coordinate 
system is fixed with the origin on the free surface and in terms of which the 
domain f)'*‘=«(R^x [—A ,0])\(i'UZ)“), where D~ denotes the interior of the 
submerged body, as indicated in Hg. 1. 

The submerged body will be assumed to be simply connected and lie in a strip 
X [~A + £o»“€o]» €(i>0. The condition that the surface be Lyapunov of 

index 1 guarantees, among other things, that there exists a Lipschitz continuous 
normal A at all points of F. We emphasize that n is oriented so that it points into 
D*. Points will be denoted by p =* (x^, y^, Zp) and, in cylindrical coor^nates, by 
^p>yp)‘ And the subscripts will be omitted if there is no danger of 
confusion. 

\\qth these conventioiis m mind, we consider the boundary value problem 


A0 “ 0 

in D*, 

(2.1a) 

~ + k(p = 0 
dn 

on y = 0, 

(2.1b) 

- 

■^as 0 

an 

on y = -A, 

(2.1c) 

— 

dn 

on F, 

(2. Id) 

together with a radiation condition 



50 

II 

O 

1 

(2.1e) 
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In this formulation, C e C(r) and k := oj^lg is a real parameter, where <a is the 
frequency of an osdllation (assumed time periodic) and g is the gravitational 
constant, while is the root with the largest real part of the transcendental 
equation 


fe* sinh kJt = k cosh k^h. 


( 2 . 2 ) 


Maz'ja (1978) introduced a restricted class of boundaries for which this 
boundary value problem has at most one solution. We formulate that theorem as 
follows. 

Theorem 2.1 Let V be tfie vector field in defined by 






Then the homogeneous boundary value problem <'2.1) with G = 0 has only the 
trivial solution provided that 


V • rt > 0 on F. 


(2.3) 


A discussion of this result and its geometric significance may be found in Hulme 
(1984). We will refer to the class of all such surfaces as the Maz’ja class. 

Following John (1950), we introduce the Green’s function for tliis problem, 
which is normalized to have the form 


Yip. q)=~ 


1 


1 


2ji \p-q\ 


Rip. q). 


(2.4) 


where the function R has bounded derivatives with respect to q for points p eF 
(see John, 1950: p. 96) and y satisfies conditions (2.1b, c, e). Using this Green’s 
^naion to define single and double layer potentials, the usual jump conditions 
can be established as in the potential-theoretic case since the singular behaviour of 
y and 5y/5n, is determined by the first term in (2.4). For convenience, we record 
these results here: 

lim — f u{q)rip. q) dF, = ±u{p) + f u(p)dF,. (2.5) 
<yn„ Jr Jr 


lim f u( 9 )-~y(p, 9 ) d/;= =Fu(p)+[ M(p)—^^dF,, (2.6) 

/.—r* Jr c>n^ Jr 

where p—>’F* means p approaches F from D* or from D~, u €L^(F), and the 
relations (2.5) tmd (2.6) hold in the sense (Miranda, 1970). 

Moreover, if is a solution of the boundary value problem (2.1), then one may 
use Green’s theorem to establish the familiar relation 


I( 


d d 

rip. q)^iq) - <Piq) ^ rip. ?)) dj; = -J </>(p) 


^i<t>ip) 

j </>! 

Lo 


(peD*) 

(pe-O. 

ipeD~). 


(2.7) 
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If one then uses the boundary condition (2.Id), we have, for p e F, 

l^y(p> 9)G(q) di; - j- rip, q) d-G = q>{p), ( 2 . 8 ) 

or, in operator notation, 

(/ + = !_ Yip, q)C(q) dr„ (2.9) 

where X* is the bound ''*7 integral operator with kernel dyldn^. We pause to 
remark that, given a solution u of this integral equation, we may represent the 
solution of the boundary value problem according to the reladon (2,7) by 

iP(p)^if^y(p.q)G(g)dr,-ij^u(q)£-y(p,q)dr, (peD*), (2.10) 

and, again using the jump relations, one sees easily that 

( 2 . 11 ) 

which is a direct relationship between the solution of the boundary integral 
equation and the boundary values taken on by the solution. As we will see below 
when we consider the optiniization problem, it is particularly convenient to have 
this fonnulation since the cost functional involves just the trace of the solution of 
4> of (2.1) on r. Such a direct relation does not obtain when one uses a layer 
approach in which one assumes that the solution cp has a representation as a 
single layer, 

q>(p) J^‘*(q)y(p, q) dr^, 

and then uses the boundary condition and jump relations to obtain an integral 
equation for u. 

With the aid of these jump conditions, we have proved the unique solvability of 
the boundary integral equation (2.9). Specihcally, we may state the following 
theorem, referring to Angell cr a/. (1986) for the proof. 

Theorem 2.2 Let r be Lyapunov of index 1 and belong to the Maz'ja class. Let 
C € C(r). Then the integral equation (2.9) has a unique solution in L*(r). 

Remark. In fact, using a standard argument, the solution whose existence is 
guaranteed by this last theorem can be shown to be continuous since G e C(r). 


3. Tbc optimizatioo problem 

Let = {p € R^:|p| = 1} denote the surface of the unit ball in and let 
C‘’‘(io) denote the space of continuously differentiable functions whose first 
derivatives satisfy a Lipschitz condition and which is equipped with the usual 
Holder norm ll-l!i.i (see e.g. Colton & Kress, 1983). We will assume that we ajc 
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given a family of surfaces which can be described by C'-‘ parairietiTzations, 

■r(/) = [peK’:p=/(p)p+/?o./'’=~^|. (3.1) 

^ \p-Po\i 

where is an element of and Po e R^ x (-/n- eo, -Co). Let a 

and b be two positive constants and define the subset c by 

3^..* = {/eC‘-‘(ro): 

ll/Ili.i<f>,/(p)p+Po6R^x(-A + eo.-fo), /(p)s»a (peJ^)}. (3.2) 

DEFiNmoN 3.1 A surface S in R' will be called admissible provided S can be 
described by a parametrizadon f c 5?.,* and S is contained in the Maz’ia class Icf, 
Theorem 1.1). 

Note that, since each admissible surface is completely determined by the 
function /, we wUl henceforth simply refer to ‘the surface /’, although, when 
convenient, we will use the notation r{f). Qcarly, each admissible surface 
describes a surface bounding a bounded region which contains a ball of radius ia 
and centre py in its interior (see Fig. 2). We will, when necessary, denote the 
region in the domain R* x {-h , 0) exterior to an admissible surface / by Df and 
the interior of the surface by DJ. 

Now we limit attention to a compact subset of the class of admissible 
surfaces. Since the embedding C^(ro)-»C‘ ‘(/l) is compact, we may choose to 
be a closed subset of functions in C^(Ji). This particular choice leads to a 
nonlinear optiinization problem over a closed convex set. The convexity will be 
advantageous for subsequent numerical considerations. We note, however, that 
the subsequent results could be achieved using any compact subset of the class of 
admissible functions. 

We now wish to consider a family of boundary value problems of the type 
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discussed in Section 2 which may be considered as indexed by U^-. 


A(^(p)-0 

Sn 


d<(> 

dn 

Btp 

dn 


0 

G 


ipeo;), 

on y -»0, 

on y » -h, 

on r(f), 



o(p-l). 


(3.3a) 

(3.3b) 


(3.3c) 


(3.3d) 


(3.3e) 


Note that, because we are considering a family of boundary value problems, the 
data G in (3.3d) must be defined throughout the domain formed by the union of 
all admissible surfaces. This Is indeed the case for heaving motion, where 

With this understanding, each choice of surface / e U^d gives rise, according to 
Theorem 2.1, to a jjotential 4> ^ with peD^. Denote the trace of 

<l>(p\f) on/by 

$/(p)’^ <P(f(p)p+PQff) CpG-fo)- (3.4) 

The class of optimization problems that we discuss below involves a functional 
defined as follows. Let L:C(J^)-»R be continuous and note that, since 

€ C(fo)« fitis functional may also be considered as a mapping from into 
H by restricting the domain of L to e C(i^):/ e t/^}. In this sense, we define 

L[/]:“L(^/):t/«i-"K. (3.5) 

Wc seek a function ^ e S“ch that 

L[/o]«Ll/] fox-ill feUud (3.6) 

or 

Llfo]>L[f] for all/eC/^. (3.7) 

We will confine our discussion to the problem of minimization. This is sufficiently 
general since the problem of ma.ximizing a functional L may always be replaced 
by that nf minimizing —L. 

Spedlic forms of the functional L of (3.5) may be chosen to lefiect desirable 
design criteiia. For example, as mentioned in the introduction, one may choose L 
to represent the added mass of the bull. lu this case, the problem of interest is 
that of minimizing the functional*L in order to reduce the hydrodynamic force on 
the ship hull, a goal of obvious imponance to ship design. Indeed, it is well 
known (sec Wchausen & Laitonc, 1960: pp. 563-7) that the added mass of a 
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paxticuiar hull may be represented by 

Ai.*Ref 

■Tlf) °^p 

where Re stands for the real part of the integral. This form, in light of the 
boundary condition (3.3d), leads to the functional 

L\f] - Re f ^{p;f)G(f(p)p +poV/(p) dro, (3.8) 

■'rs 

where J/ is the Jacobian of the transformation p *‘f{p)p+po, and d/J * d0 d<p, 
with 0 and ^ the spherical polar angles of the point p. We remark that, if we can 
show that the map/-> ^(*;/) is continuous as a mapping from to C(iJ), then, 
regardless of the particular form of the functional L, its continuity together with 
the assumed compactness of will guarantee the existence of an optimal 
solution. 

More generally, we may consider the functional 

7 

L“ 2 (3-9) 

1 . 1-1 

where 

m„:=p 4>i ^ <t>i dr (:,/ = 1.7) (3.10) 

are the comfionents of the added mass tensor, the u, (1 = 1 7) represent the 
velocity components (assumed given) of the body, p is the density of the fluid, 
and each 4>, represents a velocity potential of a rigid-body motion with unit 
amplitude in the absence of incidsnt waves (sec Newman, 1977: pp. 287-8). We 
remark that, while this functional is quadratic in the U/, it is not quadratic when 
considered as a functional of the surface T. Introduction of this functional permits 
optimization with respect to combinations of the added masses, perhaps omitting 
some, but does not change the analysis below, since it is trivial to rewrite the 
functional (3.9) in the form 

L = pj^<p-^il>dr (3.11) 

for <p = EJ.i the harmonic function <p satisfying ail required boundary 
conditions. 

Angell et al. (1986) proved the continuity of the mapping/-♦ <?(*;/) from 
to C(io). By introducing the functions 

^(p) <l>(f(P)P + Po), (3.12) 

Gf(p):^G(f(p)p+po), (3.13) 

and kernels ,, 

a/(p. r{f(p)p + Po, f(q)q + PoVfiq), (3.14) 

q) r(/(p)p -i-Po- f(q)q +po)-ff(q), 


(3.15) 
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the integral equation (2.9) may be rewritten as 

^(P) + f a/(p. dl}- [ */(p. q)Gf{q) dr^. (3.16) 

Jn> ■'r* 

The integral operators Af and Bf defined by the kernels and bf are compact 
operators on C(io)> a faa established in Angell et cd, (1986). 

The basic results are the following theorem and its corollary which we will use 
in the next section. 

Theorem 3.1 Let B(C(lo)) denote the space of bounded linear operators on 
C(i^) equipped with the uniform operator topology and assume that the map 
f-*Cf from C''‘(io) into C(Jo) is Holder continuous. Then the mappings f —r Af 
and f-*Bf of C‘‘‘(JJ) into B(C(/J)) are Holder continuous. Moreover, since the 
set is compact, the map f-* ^(s/) of C/^ iruo C(iJ), where ^(s/) is the 
unique solution of the boundary integral equation (3.16), is Holder continuous. 

The continuity of the mappings f-* ^(♦;/) and f-*Gf lead immediately to the 
result that the optimization problem defined by (3.6) has a solution. For the 
particular case of the added mass functional (3.8), which is the functional we will 
concentrate on in Section 4, we may state the following corollary to Theorem 3.1. 

Corollary 3.1 Under the hypotheses of Theorem 3.1, the functional L[*] 
defined by the equation (3.8) is continuous as a map from iruo R and 
consequently takes on its absolute minimum on the set U^. 

4. A peufizatioa metbod 

With the groundwork in place, we turn to the main results, the development of 
a constructive procedure, a penalization method, for binding approximate 
solutions of the optimization problem described in Section 3. For the sake of 
definiteness, we will formulate the procedure in terms of the specific functional 
(3.8). It will become cle;r that the method is applicable to a wide class of 
functionals of which (3.8) is but one example. Such methods have been applied 
by others to systems governed by partial differential equations (see e.g. Lions 
1971, 1972). Generally, they involve tiie introduction of additional terms to the 
cost functional involving both the partial differential operator and the various 
initial and boundary conditions. Here, we propose to carry out the minimization, 
not over an entire Sobolev space as in earlier applications, but over a compact set 
of funaions whose traces on the class of admissible surfaces serve as boundary 
data for exterior solutions of the boundary value problem. With this approach, 
we will need to introduce only one penalization terra corresponding to (3.3d). 

We will then turn to the development of a Galerkin-type procedure based on 
the use of complete families of solutions, l^lements of such a family are harmonic 
functions, defined in the region (R^ x [-h ,0))\B„„, where 5^ is a ball of radius 
ao<ia, satisfying not only the bounda^ conations (3.3b) and (3.3c) on the free 
surface and bottom respectively but also the radiation condition (3.3e). The use 
of complete families not only simplifies the form of the cost functional but also 
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offers the signiiicaiit advantage of allowing us to avoid the difiSctilty. conunon in 
numerical procedures for inverse problems, of having to solve a succession of 
direct problems as an essential step in an iterative procedure. The method given 
here, once the dimension of the approximating subspacc is fixed, produces both a 
suboptimal surface and the appropriate field exterior to that surface. 

We will proceed in three steps. First, we will set up the penalized problem in 
the infinite-dimensionai setting. Second, we will study the finite'dimensional 
problems generated by considering subspaces spanned by finite collections of a 
complete family of solutions, and proving convergence of minimizers of the 
finite-dimensional problems to a solution of the original problem. Finally, we will 
show how such a complete family may be obtained so that the procedure may be 
implemented. _ 

Let A denote the closed annular domain lying in the strip x (-/t, 0) 
wliich is determined by the spheres and where u and b are the constants 
appearing in the definition of the class Thus all the admissible surfaces 1} lie 
in A. We will assume, in concert with the remarks following equations (3.3), that 
there exists a function H € C^(.4,) (i.e, in an 7j-neighbourhood of A) such that 
dH/dn -C on 1} for each / e U^. 

Let M be any constant satisfying Ij/f HcHa,) ^ A/ and define 

SM = (FeC\A):IIF\lc^^^)^M}, (4.1) 

where HHIcHa,) is usual C^-norm. Since the embedding C^(/l)'->C'(i4) is 
compaa, 5^ is relatively compact in C'(/4). If we denote its C*-closure by 5, then 
S is compact in C‘(.i4). 

For every FeS and /e we can consider the boundary value problem with 
boundary data 

3F 

Tn 

By Theorem 2.2, the corresponding integral equation (2.9) with G replaced by 
dFidn has a unique solution Uf,F, which can be used to generate a unique 
solution <pf,f to the boundary value problem by using (2.10). This is true, in 
particular, for F ~H. 

We now inti'oduce three functionals /j, 4, and Ly defined on the compact set 

by 

l,[f, F) := Re | <PfAp)^ Fip) dr (4.3) 

and 


while, for a given v > 0, 


W.F).- 


sr 

dn 


C- , 


(4.4) 


Ly(f,F) ~W.F) + vl^if. F). 


(4.5) 
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With the usual reparametrization. this expression can be rewritten in terms of 
integrals over 


jC-v(/. f) * Re [ (pfAp) Pip) I Jfia) die 

■'ri 




//(^)dro. (4.6) 


The functional is btended to ensure that F is chosen to approximate the given 
data, while /, ensures that the added mass is minimized. Indeed /j can be viewed 
as a penalty term which penalizes deviations from the d'ri'^d boundary condition 
on the surface /. Using arguments completely analogous to those used to prove 
Theoiem 3.1, it can be shown that both /) and k ate continuous on x •>> 
hence there exists a pair (fv, F,) e $ such that 


Lv(/v. /v) c i-v (J, F) for all (/, F) e x $. 


We note that, if we consider an increasing sequence of penalization parameters 
{v„} such that >'„-►<» as the conesponding sequence of optimal 

solutions will contain at least a subsequence {(/^, Fj,)) which will converge to an 
element (fo, Fo) e A standard argument (see e.g. Luenberger, 1969: 

p. 305) shows that, in fact, (fo> Fq) is a minitnucr for the original optimization 
pioblem (3.6), so that 3FJ3n «■ G. 

As it stands, the functional (4.6) suffers from the drawback that there is no way 
to associate the added mass with a particular surface without hrst solving the 
direa problem for Wc now propose a Galerkin-type approximation method 
which eliminates the need for fkst solving the direct problem. In fact, if the 
dimension of the approximating subspace is fixed, then the approximate solution 
of the imnimization problem is obtained by simultaneously solving for F and the 
optimal surface without requiring the solution of a succession of direct problems. 

The approximating subspaces will be defined in terms of a countable family ^ 
of harmonic functions defined as follows. The elements v, of are harmonic in 
(R^x [-A ,0])\fia„ and satisfy conditions (3.3b), (3.3c), and (3.3c), and the 
nonnal derivatives {dvildn\r(j))7~i are linearly independent and are complete in 
L^(r(/)) for ail / e We will show one way to construct such a family at the 
end of this section. Postponing that analysis, we begin the description of the 
approximation procedure by establishing a convergence resuit which we will use 
in the proof of our main result. We remark that the completeness of the family iC 
allows us to approximate any function in L^(/'(/)) as closely as desired with a 
finite iinear combination of the normal derivatives Svildn. Even more is true as a 
consequence of this choice of the functions U/ as harmonic functions. Tliis 
additional approximation result is described in the next statement in which T is a 
fixed surface. 


Lemma 4.1 Let GeJj(r) and let <p be a solution of the system (3.3) with 
dip/dn *» G, Let {u,)r-i be the complete family of harmonic functions as described 
above. Suppose that, for each integer N>1, the coefficients 1, 2. N} 
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are chosen so as to minimize ||E^Ll c^'^\dvtldn) — (j||L»(n- Then 

lim "0, (4.7) 

/-I LHn 

where <l> is the solution of the integral equation {2.9). 

Proof. Since 4> V/ (/»1, 2,...) are harmonic and satisfy the radiation 
condition, Green’s theorem yields the relations 


(/ + i?:.)u,- |y(p, a)|^(//)dr„ 

(4.8) 

(/+^^)d>« f y(p,q)C(q)dr^, 

(4.9) 


Hr being the double layer operator associated with the surface T (see (2.7)- 
(2.9)). Wc may conclude immediately that, since the integral equation (2.9) has a 
unique solution, 

N C ' ^ \ 

2 -(^-(/ + (^-10) 

Moreover, 

II /V j| N 

^\\u+i^rr'WtHnWSAi . ( 4 . 11 ) 

II/-1 nLJ(n /-I L><r) 

where Sf is the single layer operator associated with T. The result follows from 
the boundedness of the two operators and the completeness of the dv,ldn. 

The elements of the family individually satisfy the fiee-surface condition, the 
radiation condition, and the boundary condition on the sea iioor, while their 
normal derivatives are complete and linearly independent on L^(r(/)) for ail 
f € f/,j. lliis makes them useful, not only in approximating solutions of ihe 
submerged body problem (3.3), but also in formulating a sequence of approxi¬ 
mate optimization problems. 

To this end, it is convenient to introduce the subspace V"^ c SV spanned by 
the functions U/C Sff (1 <s / "S N). We then consider the set S'^ ^V'^n S^, where 
Jv is defined in (4.1). In terms of this set, we may define an approximate inverse 
problem as follows. For a given integer N and function G, find wsS'^ and f 
which together minimize 

U-fy, M^] := Re [ (pf,.,{p) iv(p)| J^{q) dTo 

Jr, on lp-r,+/(«)« 

+ ''[ |;^w(p)-C(p) Jf{q)dro. 

Jjj I on r“Piif/(«W 

lire question immediately arises as to how the solution of the approximate 
optimization problem is related to an optimal solution of the exact problem. As 






A CONSTRUCTIVE METHOD FOR SHAPE OPTIMIZATION 


277 


the following result shows, the duster points of optimal solutions of the 
approximate problems are solutions of the exact optimization problem. 

Theorem 4.1 Let 

L":= min {U[f, F]:(/. F)e U^xS}, 
min •P ]: (/, (i>) e C/«, x S% 

Then, for fixed v, limv—• » Li. Furthermore, if is an optimal surface for 

Li^ with corresponditis optimal then every cluster point of the sequence 
{fi^, <pW} in C‘--(ro) X C‘(/l) is optimal for L,. 

Proof. Suppose that ^v) e is optimal for L^, so tlmt Li L„^y, #»], 

and let (fi, <P^) be a duster point of the sequence in 

C‘**(io) X C*(A). Thus there is a subsequence wliich converges 

to (/t, 4»S). By continuity, we have 

Inn - Uif.. Li - Ly(fy, PJ). 

/ish to show that, indeed, L^ifi, d>°) c Li. 

Note first tliat since (/^^*^ is optimal for we have the estimate 

Li'^^WK 0 (N.)) ^ xy) for all V' e . 


Hence 




3V IP 

^-cli 

dn 




uKrdl)) 

15^. 


50V 




_ f , 50V 

^ jiaty 50v|P 
II 5n dn IIlW.)) 

50V 


• / <t>h 

■’re?.) 




+ Rc 

for suitable constants C and M. 


w 

Bn 1 

|5y^ 

50V 

i Bn 

dn 

50V 

^dr{ 

dn 

h.r- 

IISV' 

30vl 

11 dn 

5n 1 

dr^fSj 

WH 

lldW 

30v| 






50V 


t-’(F(/,))^ 


50V 

dn 


0(.r(f.)y 


dn dn 


i-Krd,)) 


■4* 


50V 


i-\r(/,)) 


J 
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Choosing SO that best approximates 90,1 Bn, it 

follows that 

1 *”* \\'~Z - 7 “ = °' 

*—II Bn dn llL’(r(7.)) 

while, from Lemma 4.1, we also have 

a— Jrtf.) 

It follows that 






•'re?,)- 3n 

L,{f„ <P») + o(l), 


a<t>„ 

Bn 


-s\ 


LKrol)) 


+ 0 ( 1 ) 


where o(l)-*’0 as Since continuity 

implies that 


r 

My 


(/e, 0i)<L,a, <pv), 


which completes the proof. 

Finally, we address the question of the construction of a complete family of 
solutions. Recall that the class of admissible surfaces is defined in such a way tliat 
all contain a ball of radius ia, centred at tlie iwLnt po, for some preassigned 
constant a > 0. Certainly we may consider a surface strictiy interior to the 
surface of the ball Tj,. We may then prove the following result. 

Theorem 4.2 Let be a linearly independent family of functions that is 

complete in L^(Jr,J. For each n, define the function u„ by 


Un(p) “ f r(P> dr„ for p e lll’\D“. 

Jr.» 

Then the functions 

v„(p) “ idu„ldn)(p) forp e !’(/), rt = 1, 2, 
form a complete linearly independent family in 'iJ{r(j)) for ail f e U^. 


(4.12) 


Remark. By linear independence of these countable families wc mean chat any 
linite subset is linearly independent. 

Proof. Consider the family {v„} c:L^(r(/)) and supjxjsc that there is some 
W e L^(r(/)) such that 

0= «„>!.’(rc/j) for all rt = 1, 2. . 
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Then, recognizing that ViJ) fi 0, 

0 = (uJlKW)) I 

• f ( f ^ 

^■’/•(Z) o”j» > 

-f (Wr(/)tf0(<f)^n(«)d/; 

where H^rc/) >$ the double layer operator defined implicitly above with the 
property that V^rez): L,*(r(/)')-* and that the set {0„} is the complete set 
L^(r«J. Therefore and henct H'rt/)?' "0, on i^. 

Now consider the function Utf,, defined in £>/ by 

:■ f ^ y(P- ?) 

Zr(/) 

Then is harmonic in Df. Moreover, in the region D.,, i.e. in the legion 
interior to r<^, utp is hannonic and u«/|r,, * 0. Thus vanishes everywheie in 
and hence, by analyde condnuadon, everywhere in D'/. But, since 
wc have, using the jump condidons, 

0«» lim _,Wr^,nq)^iI + K*nn)^- 


The results of Secdon 2 guarantee that the only soludon of 

is the trivial solution, so we conclude that V'» 0. This establishes completeness. 

To establish that any finite subset of the v„ is linearly independent, suppose, 
without loss of generality, that there exist constants orjcr^ sudi that 


Then, by definition. 


2 


/•i 


aiVi >= 0 


on /'(/)• 


N 5 'i f 

0 “ 2 2 a; rip. q)<P,{q) dr, 

'•1 

SC ^ 

“a:: y(r. ?) 2 dr, 

dn J/v ,-1 

for p^nj), 

where wiq) :» SJl, a,<t>iiq). 

Now, for p e D^, i.e. in the exterior define the function u = vip) by 
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Thus certainly u is harmonic in and, in particular, is harmonic in Df. 
Moreover v satisfies the radiation condition (3.3e) and the boundary condition 


dn 




■ 0 , 


and so u is a solution of the exterior homogeneous Neumann problem. By the 
uniqueness theorem, v vanishes identically in Z>/ and so, by analytic continua¬ 
tion, also vanishes in the region exterior to Fence, again using the jump 
conditions. 


0= lim —S’* 
on 


w^(I -i- K^W=‘0, 


where 




,w)(p)(p, q)w(q) dP^. 


But (/ + k2Ju »»0 is uniquely solvable, so (/ •+ •= 0 is also uniquely w>ivable 

by the Fredholm alternative. Thus, given (/ -l- K,Jw ■ 0, it follows that 
(l + R^w’»0, and so w vanishes on Therefore, so does w. From the 
linear independence of the we conclude that all the coefficients a'j«0 

(1 = and this shows that the corresponding functions U; (j^ l. N) 

arc likewise linearly independent. 
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THE CONDUCTIVE BOUNDARY CONDITION FOR MAXWELL’S 

EQUATIONS* 

T. S. ANGELL’ AND A. KIRSCH‘ 

Abstract First, the coaductive boundary value problem ia derived for the quwi-stationary 
Maxwell equatiazta that arise in the study of magnetotellurics. Then the boundary integral equation 
method is used to prove the existence C-'f u'diqueneas of solutions of the problem. The final section is 
devoted to a study of the set of far field patterns foi scattering problem; with plane wave incidence. 

Key words. Maxwell equations, boundary integtai equations, scattering theory 

AMS(MOS) subject classifications. 35P25, 45B05, 78A45, 86A20 

1. Introduction. Geophysicists, in their study of eiectromagnecic induction in 
the earth (callea magnetotellurics) commonly use a boundary condition for the elec¬ 
tromagnetic field, which is often referred to as the conductive boundary condition. We 
refer to Schmucker [16] or Vasseur and Weidelt [19] for the physical explanation of 
this boundary condition. This boundary condition models the occurrence of a thin 
layer of very high conductivity for, while it is well known that the electric field does 
not penetrate into an ideal condu'rt;or of positive thickness, such a field certainly will 
penetrate into the medium beyond that conductor if the latter is infinitely thin. 

The analogous boundary condition in both the electromagnetic and acoustic prob¬ 
lems have been known for some time; see, e.g., Harrington and Mautz [6] or Senior 
[17]. In this context, the conditions have been considered as approximations to the 
full transmission conditions. The wellposedness of the boundary value problem in the 
scalar case ha.s only recently been treated by Kcttlich [7] and Angell, Kleinman, and 
Hettlich (Ij. In this paper, we employ the technique of boundary integral equations 
to discuss the existence of solutions to the electromagtietic conductive problem. 

The use of integral equations in problems of acoustics and electromagnetics is a 
well-known technique; a cuTcnt account of the method may be found in Colton and 
Kress [4]. For the pn ’em of scatteiing of time hanaonic electromat^netic waves by a 
perfectly conducting object, the method was applied at least as early as 1949 by Maue 
[13). Miiiler [14] used the method in 1951 to treat the electromagnetic transmission 
problem. As the classical transmission conditions are a special case of the boundary 
conditions of the problem discussed here, and our surfaces may be less regular than 
those of [14], the present work may be considered as a generalization of Miiller’s 
results. 

Without attempting to give an exhaustive leview of the literature on integral 
equations in electromagnetics, we mention that various asp>ects have also been treated 
by Weyl [22], Saunders [15], Calderon [2], Werner [20], [21], Knauff and Kress [9], and 
Gray and Kleinman [5]. More recently, Marx [11], [12] has developed a single equation 
for electromagnetic and time-dependent scattering problems. 

In §2 we derive the conductive boundary condition from the quasi-stationaiy 
Maxwell equations for induction problems in a layered half-space. This is the situation 
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of roagnetotellurics. In §3 we consider the model problem where the anomalous region 
of conductivity is embedded in a homogeneous “full space.” V/e will prove uniqueness 
and existence results for clasaicaJ solutions. 

We devote §4 to the description of the far field patterns for scattering problems 
^vhose incident fields are given by plane wave solutions of the Maxwell equations. We 
prove the reciprocity principle and use this result to show that the class of all far field 
patterns corresponding to the incident plane waves of any direction and amplitude is 
dense in the space of all L^-tangential fields on the unit sphere 5^, provided 

that the pair (ki,ki) of wavenumbers is not an eigenvalue of a related eigenvalue 
problem. 

2. Physical derivation of a conductive boundary condition in magne- 
totellurics. We model the earth as a layered half-space filling the region X 3 > 0. 
The conductivity a„ (normal conductivity) of the earth is assumed to depend only on 
depth Z3 and to be piecewise constant. 

A bounded region fl (anomalous region) is imbedded in the half-space Z 3 > 0. The 
conductivity Ca iR H is different from On and is allowed to depend on x = (xi, zj, 23). 
Furthermore, we assume that fl is covered by a thin layer with very high conductivity 
af = (7*(x), such that the integrated coaducthaty 

r(x) := lim / -t- fn(x)) ett, x 6 

€-• 0 + 

remains finite, i.e., <ri(x 4- tn(x)) = r(x)5(t). Here we denote by n(x) the outer unit 
normal vector at x € dil. 

We now assiune that some kind of sources in the half-space X 3 < 0 (e.g., in the 
ionosphere) induces an electromagnetic field E, B in the earth X3 > 0. Here E = E(x), 
and B = B(x) denote the spadal parts of the electric field E(x)fi~“‘ and magnetic 
field B(x)fi~’“'‘, where w > 0 denotes the firequency. Then E and B satisfy Maxwell 
equations in X 3 > 0. We formulate them in their quasi-stationary approximation 
although this is not necessary for the mathematical theorr, as follows: 

(2.1) curl B =/iocE, curlE = ia;B, 

where c is the conductivity (cr = for x fj, cr = cTo for x € fl) and po the 
magnetic permeability in vacuum. Using SI units throughout, we measure E in V/m, 
B in Tesla = Vs/m^, <7 in A/Vm, w in 1/s, and ^ = 47 rlO“'^Vs/Am. 

To derive the boundary conditions, let the layer with conductivity of be of finite 
thickness € > 0. Let C be a C*-art on dil with unit tangential vector f(x), x 6 C, 
and 

S = {x + tn(x) : X v' (7, |f I < 

the surface perpendicular to dfl with boundary dS. 

For X e C, let i'(x) = n(x) x f{x), where a x b and a - b are mean vector products 
and scalar products, respectively. Then the Stokes theorem yields 

(2.2) f E-<i£= / 1 /■ curlEds = iw f v 'B<U 

Jds Js Js 


and 
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ious region 
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xiplitude is 
", provided 
eigenvalue 


a magne- 

'U *3 > 0. 

nd only on 
3 > 0. The 
■nductivity 


outer unit 

Lg., in the 
E = E(x), 
i magnetic 
y Ma-cwdl 
roximatlon 


ind Ho the 
E in V/m, 

be of finite 
x), X € C, 


)r products 



= ;io 


•Eds 


l^j\tiyi + tnix)Hx)-E[x 


V • curl B ds s= /JO 
/+* 


+ tn(x))(l -f 0(e))dtd^(x). 


For e -+ 0, we conclude from (2.2) that - E_) • d£ = 0. Here E± denotes the 

limit of E from the outside (-4-) and the inside (—), respectively. By the mean value 
theorem for integrals and with e 0 in (2.3), we arrive at 



B_)-d£ 



ru • Bd£. 


This holds for every arc C; thus 


(2.4) 


nxE| 4 .-nxE|- = 0 ou dO, 
nxB|+ —axBl- = /joT(n x E) x n on 


It is the aim of this paper to study (2.1), (2.4), together with a radiation condition 
for the ‘‘anomalous” parts of £ and B for the special case of a homogeneous region 
in a homogeneous full-space (i.e., an and Ca arc constant). 

Thus let us assume that an are constant. First, we symmetrize ( 2 . 1 ) 

and define =: iu^Oa., — uj/xoCn such that hn.kj > 0 , ;' ■> 1 , 2 , and H <=< 
{uj/ki)B in n, H » (ui/l: 2 )B in R.^ \ H. Then we see that (2.1) takes the form 

(2.5) curlH=:-tfcE, curlE —ikH inR®\(?fl, 


with 



The boundary conditions (2.4) change into 


( 2 . 6 ) 


n X E|+- n X El_ as 0 on dU, 
n X [n X (k 3 Hl+ - kiH|_)] = /jorwn x E on dfl. 


3. Uniqueness and existence of solutions for a model problem. We now 
focus on the main problem of this paper. Given an open and bounded region Q c R^ 
with C^-boundary Sfl, numbers ki,A: 2 ,/Ji,/J 2 € C \ {0} with Imfcj > 0(j = 1,2), a 
complex-valued function 0 € C7®’‘*(9f2), a direction d e 5^, and an amplitude p 6 C* 
with d • p = 0, find vector fields E, H € C‘'‘*(R^ \ Oil) n C, which satisfy 

(3.1) curl E - ifcH = 0, curl H 4- ifcE = 0 in R® \ dU-, 

n X E|+-n X E|_ = 0 on 9f2; 

(3.2) 

/J 3 U X (n X B[)l+ - /Jin x (n x H)|„ = /3n x E on 5Q; 

(3.3) E(x) = E‘(x) + E*(x), H(x) = ^ 

IK 2 

with incident field E*(x) =s and where the scattered fields E* and H* satisfy 

the radiation condition 

(3-4) >« H'(x) -I- E*(x) = o j , |x| — 00 , uniformly in € 5^ 
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with fc = fci in n and fc = Jcj in \ ??. Likewise, we will set /i = /:ii in fl and m “ dJ 
in \ n. 

Here we have used the folicrving notatlonal conventions: 

(i) C*^'°‘{dQ,) denotes the space of Holder continuous functions on dil of order 
a £ (0,1) (the space €^'“{8^1) is defined analo^usly); 

(u) C' = {E : R3 \ Sfl C® : Ejn 6 C(Ci), G C(R’ \ ft)}; 

(iii) FU(-) denotes the limit of F on dQ from the exterior (interior); 

(iv) u(x) denotes the outer unit normal vector at x G dQ, and a x b, a ■ b arc 
the vector products and scalar products, respectively. 

The situation discussed in §2 is coverud by setting 

ki *a tw/ioO'oi ^ = uv/iecTn, (Iral:i > 0, Imfcj > 0), 

fij {j=t 1,2), 0 = w/ioT, H * 

TueORUM 3.1 (uniqueness). Lei the parameters oftiu. problem satisfj/ the follow¬ 
ing relations: 

(3.6) Re(/J)ua) > 0 on Oa, Im ^ 0. 1“ 

Theri there exists at most one solution (E, H) of problans (3.1)--(3.4). 

Proof. Let E^ <= 0, i.e., (E, H) satikies (3.1), (3.2), and tho radiation condition 
(3.4). We use Green's theorem for vector fields in as follows: 

/(E-Zh!E +curl E ■ curl E)(ix - / a • (E x curllB) ds. 

Jn Jo<i 

Then, with curlEj •- ifcjH and AEj = = 1,2 In fl and Qui respectively, 

iljfi (z G R^\il: |x| < R}, we may add and use the boundary cunditious to obtain 

f oi7Jii'(-fc'N=* + |fcHp)dx 

/o T-'l J|xl<J{ 

W-'l ^ y 

=» -i / P\n X Ep ds - fda / a • (E x S) ds, 

Jms ,/|xl»R 

From the radiation condition integrated over the sphere of radius il, wc tliat 

/ (la X Hp + |EH da - 21le /" u.(ExH)ds 

=. /” ja X H + El^ ds - o(l) for id -♦ oo, 
i|xl=R 

and, by dividing (3.7) by taking the imaginary part, 

f Im (m^/ms) lEp dx - / Im {p./ (/rj fc)) [kHp dx 

J|xl<R i)xl « 

= - / Rc (/3 /m 2) |n X Ep dj - / (In < Hf'' + |Ep) ds -I- n(J) 

JOil * yixjiay'f 

for R —* oo. 
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the follow- 
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jfpectlvely, 
i to obtain 


I -e that 






Erom (3.6) we see that Im(^l:/;u 2 ) > 0, hn < 0, and Re(A//j 2 ) > 0 on dQ. 

This implies that 

(3.8) Im {fiklui) E = 0 in \ dQ and f 1E|^ ds —* 0 (i2 —► oo). 

J\k\^R 


If Im 1:2 “ 0) then, from ttellich’s theorem (cf. [4]), it follows that H = E = 0 in R®\fl. 
If, on the other hand, Im 1:2 >0, then the identities H = E s 0 in \ Q tbilow from 
the Erst identity in (3.8). In either case, n x E|_ = 0 and n x (n x H)|_ = 0 on dCl, 
which implies, by the representation theorem, that E = H s 0 throughout 12, and 
the proof is complete. 

We remark that, for the physically relevant situation described by relations (3.5), 
the uniqueness assmnptions (3.6) are satisfied, as is reitdily verified. 

Now we assume a layer ansatz and use the integral equation method (see [10] 
for some related boundary value problems) to prove existence of a solution to our 
model problem (3.1)-(3.4). First, we define the scalar threeKiimensional fundamental 
solution corresponding to kj (j = 1,2) as 

g<fcj|x-y| 


and set 



*i(x,y) 

*2(x,y) 


if X € 12, y € dQ, 
if X ^ n, y e 



if X G ft, 
if X «: 



if X € 12, 
if X 9!^. 


Wo make an ansatz for E*, H* in the form of a sum of electric and magnetic dipoles 
distributed on the boundary surface 


(3.9) 


E*(x) = l:(x)curl / a(y)0(x,y) (i5(y) + curl^ / b(y)$(x,y) ds(y), 
Jon Jon 


Jon 

H*(x) = ^curlE'(x) 


in R3 \ ijQ, where a,b G := {c G C^’“ : Dive G C<>’“(df2)} with := 
{c e {dQ, C®) ; a • c = 0 on 512} arc unknown vector fields. By Div c, we denote 
the surface divergence of c € 0^'“ (cf. [4, p. 60] for a definition). 

From the propeities of ^j, we see that (E*,H') satisfies the Maxwell equations 
(3.1) in R® \ 5f2 and the radiation condition (3.4). By standard arguments (cf. [4, 
§2.6], we can show that E* and H' belong to C'. 

The tangential components of E* and H' on 912 take the form 


n X E'li = kj 


1 I 

i-a + nx [ cm‘l*(a4>j) <ij(y) 

. 2 Jeti 


n X curl 


“ [ b4?jds(y), 
Jon 


X 6 9f2, 


u X H*li = -j- 


t^b-fnx f crarl.j;(bi>j) <is(y) 

2 Jon 


+ Ta X curl* [ a$j da(y ), x G dQ, 
» Jon 
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the upper sign + and number j — 2 corresponding to the limit from R* \ H, and the 
lower sign — and j = 1 to that firom the inside SI. These jump conditions follow' from 
that for the curl of the sin^e layer potential, which is proved in [4, Tlun. 2.26]. 

The boundary conditions (3.2) for E* and H* lead to a system of integral equa¬ 
tions on dSl for the unknowns a and b. Before we write them, we introduce the 
following boundary operators: 

(Qb){x) = n(x) X b(x), x € 511, 

(M,b)(x) = n(x) X / curl,(b(y)#,(x,y))ds(y), x€dSl, j = l,2, 

Jxi 

(Pjb)(x) = n(x) X curl“ / b(y)*j(x,y)d:s(y), x S 511, i = l,2. 

Joa 

Then (3.2) leads to 

(3.10) 2^^*^ + (haAfa •" kiAfi)a-f Pab — Pib = 0, 


(3.11) 

where 

(3.12) 


+ T(MafcaOA/a - l^ihQMi)h 

1 r 1 1 

+-<2(Aa^3-PiPi)a-/3 --fcia + kiAfia-fPib = d, 
t L ^ 

d(x) * (pi - M 2 )n(x) X [n(x) x (d x p)e‘*>^‘*] 
+^(x)n(x) X pe***^-*, X 6 511. 


Thus we have the following theorem. 

Theorem 3.2. The vector fwnctiona a, b € 0^“ sohttiona to system (3.10), 
(3.11) vrith d given by (3.12) if and only if the fields (E*,H*) from (3,9) solve the 
boundary value problem (3.1)-(3.4). 

To discuss the solvability of (3.10), (3.11), we write them in matrix form as foUows: 
(3.13) + = 

where 

l(ki + k:)I, 0 ^ 


_ / fcaMa - fciAfz, Pj-Pi \ 

-AkiMi, \ifi2k2QM2-pikiQMi) )’ 
and o = kifii + kapa- We treat this equation in the spaces 

-^C^“ xC^'“. • 












Jc 


\ U, and the 
follow from 
. 2.26]. 
cegral cqua> 
troduce the 


= 1 . 2 , 
1 , 2 . 


'tern (3.10), 
solve the 
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It is known that K is compact between these spaces (cf. [4]) and that L is well defined 
and bounded. 

Our aim is to apply the Riesz theory for compact operators; we first show that 
a certain compact perturbation of ^ctQ - ifiPi is an isomorphism finia 0^“ onto 
C5.’“. 'rhea I- is an isomoiphLm from Cp“ x C^“ onto x 0 ^'“, provided that 
ki + ki ^0. 

Lemma 3.3. Assume Uu^ k is not an eigenvalue of Uie boutviary value problem 
curlE - tkH = 0, curlH + ikE = 0 in fl, n x E = 0 cm dfl, uihich therefore admits 
only the trivial solution E = 0 in fl. Furthermore, let a 0 and let k, /3 satisfy 
lle(k/3/Q:) > 0 ondil. Let ^(yi,y) = c‘^l*“i'l/(47r|:K-yl) andletP, M be the operators 
Pj, Mi, where ^2 is replaced by $. TTicn |qQ - ipP + aQM is an isomorphism from 
C2i“ onto ^ _ 

Proof, (i) .Injectivity. Let b € C^“(dfi) with i^-oa x b - i/SPb 4- an x Mb « 0 
on dCl. Set E(x) =:= curl*/j^b(y)$(x,y)d3(y), H =: (l/ti)curlE in R* \ dCl, Then 
E, H e (R^ \ dil) n C(n) n C{R® \ fl), and, from the jump conditions, we have 

?-n X (n X H) 1+ — dn X E|+ =5T(|^nxb + anx Afb - i0Phj « 0 . 

Thus (E, H) solves a homogeneous exterior impedance problem with boundary con¬ 
dition 


n X (n X H)|+ - n x E|+ *=0 on dfl, 

where Slf = kP/a on dil. Since Re 4' > 0, the uniqueness result in [3] implies that E = 
H s 0 in \fl. Since u x Ej.. » a x E|_ -n. x Ej^. o 0 and wc have the assumption 

that k is not a Maxwell eigenvalue in Q, wc also have that E rS H is 0 in fl, and thus, 

from the jump (xmditions for n x K, we conclude that b=!i/fc(nxH|+-nixH|_) = 
0 on 90, which shows injectivity. 

(ii) Surjectivity. Let c e C^r'“(90) and E,H e \ ll) n C(R3 \ si) be the 

solution to the exterior im]>edaace problem 

cuii E - ikU =: 0, curl H 4- ikE =» 0 in R® \ H, 

?u x (n X H)j+ - An X = -c on 90, 

k I 


which exists and is unique, aa is proved in [3]. Indeed, the proo*' in (3), together 
with the standard estimates in [4, 52.6], shew that E and H are Holder continuous in 
R’ \ 0. lAuthcrmore, let E,H S C‘{0) n C(0) be the unique solution of the interior 
Maxwell problem 

. . curlE —ikH = 0, curlH + ifcE-0 in 0, 

’ axEl_=nxElH. on 90 

and set 

(3.16) b := V (n X H|+- n X H|_) on 90. 

k 

Then b € C7^‘’(90), since curlH = -ikE S C0'“Cn) n C«-‘*(R3 \ 0). Moreover, 

(3.17) E{x) = cml^ f b(y)$(x.y)ds(y), xeR'‘\90, 

Jen 

H==-l-curlE mR5\90. 
ik 


(3.18) 
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In £act, if Ei and Hi ('cnotc the right-hand aides of (3.17) and (3.18), respectively, 
then El and Hi satisfy (3.15) and (3.16). By the abovo uniqueness argument, (3.17) 
and (3.13) an satisfied. The second equation of (3.14) then reads 

ic =• T f ?n X b + an X Mb — tAPb') on dil, 
t i V2 / 

which proves surjectivity. This shows that L is bfjective. Thus L~^ exists and is 
bounded according to the open mrq>piiig principle. ^ 

Renurk. For A s 0, it is known (cf. [4]) that ^Q + QM is an isomorphiam firom 
Cq® onto {c e Cj'“ : Div(n x c) € C**“(5fl)}. This shows that the assumption 
Re(^A/a) > 0 is necessary. 

Wo now apply this residt to system (3.13), which can be wiitten in the form 


(3.19) 

where 




L = L + 


( 


0 0 

0 /3(P, - P) + fQM J ’ 


(o /9(Pi - P) + “(3M ) 


Lemma 3.3 establishes that Z is an isomorphism from ^^"(dll) x C^°‘(di'I) onto 
CQ“( 6 fl) X The operator it" is clemiy compact between these spaces. 

Heuce (3.19) is equiv^ent to 


(3.20) 




which is a fiVodholm equation of the second kind In C^‘'{dQ) x C^’®(di7). 

To show uniqueness of solutions of (3.20), or equivalently of (3.13), we assume 
that the boundary value problem (3.1)~(3.4) itself has at mnst one rolutiou (which 
holds, u.g., vmder assinnptiou (3.C)). 

Let (^) € xCq°‘{6U) be a solution of (3.13) for d =» 0 on ^1 and define 


Ej (x) = A'jcurl / a(y)*y(x,y) dj(y) + c-il'’ / b(y)«j(x, y) dj(y) 
Jill Jon 


iaR®\an 


and 


Hj(x) - -i-curlEj(x) in a® \ Sfi (j-» 1,2). 

xkj 

Use <.f standar d )>otential-tbooi'etic argmnents and the jump conditions then lead to 
the following theorem. 

Theorem 3.4. JSet fci, bj, /xi; H7 C\ {0} tuith Imkj > Q{j = 1,2), 
Hiki -f /ijfcj / 0, ki H- fcj ji^ 0 and (3 G C^'“(df2) vkth 


(3.21) 


Ke 


/?(x) 






>0 
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sspcctivdy, 
lent, (3.17) 



dsts and is 

}huim from 
assumption 

le form 


‘{dCl) onto 
3se spaces. 


we assume 
ion (which 

and define 




leu lead to 

j = 1 , 2 ), 


for all X Qd(l and some k wiihlmk >0. If the boundary value problem (3.1)-(3.4) 
has ai most one solution, it has exactly one solution. 

Remarks, (a) F^m the boundary integral equations (3.10), (3.11), we see that 
the more general problem admits a unique solution for all c € d € (under 
the same assumptions of Theorem 3.4), as follows; 

curl£-im«:0, curlH + adE!«0 inR’\^, 
a X E|.(. — n X Ei_ a c on dfl, 

H 2 n X (n X H)|.t. — /iin x (n x H)|- »;9n x E + d on dCl, 

,|xH(x) + E(«) = o(il), |x|-oo. 

We see that, for A B 0, the assertion of the theorem cannot be valid for all d € 0^'“, 
but at moat for those d € with n x d € 0^“ (since Div (u x H) » n • curlH » 
‘~ikn • E € C^‘“{dO,)). This transmission problem hiu been considered by Wilde [23]. 
The limiting be^vior for A —» 0 is discus^ in [8]. 

(b) In the physical situation described in §2, the various parameters are related 

by 

+ pafca *» fcj + ha *» jw/io(an + o'a) 9 * 0, hi hj 9^ 0 


and 


^(x) _ . t(x) 

/iihi+paha ^n + o-a’ 

For £ =3 i, assumption (3.21) is satisfied. 

4, DeuBenees of far ilaid patterns. It well known (cf. [4]) that the Silver- 
Miillur radiation condition (3.4) implies the asymptotic behavior 

E*(x) « [E«(i) + o (lx| -')], 

H*(x)-22^1i!l[H„(x) + C?(|xr^)] as 1x1 -^00 

uniformly in it« x/lx| € 5^, with the properties 

!!«,=■ XX Ego, X-Egg ■•X'Hgg "tO ou ■ 

The fields Egg,Hgg : C’ are known as the for field patterns of E, H. The 

components of Egg, Hgg are analytic functions on 5^. 

Moreover, the Stratton-Chu [18] representation theorem (cf. also [4]) 

E‘(x)»curl^ e(y)$2(x,y)(ia(y)-^curl* /" h(y)*a(x,y)(is(y), 

Joa **J Jon 

X C \ iiY, with e :=, n x E*, h n x H', and the asymptotic form 

*j(x,y) = + O (lxr‘)] for |xl - 00, 





1606 


T. S. ANGELL AND A. KIRSCH 


uoifonnly in x e 5^ and y € dfl, imply the representation 

(4.1) Eoo(x) = 1*2 [x X f a{y)e~*‘’^*’^ds{y)+xx f (h(y) x x)e“‘*’*'*'d»(y) , 

L Jon Jon 

for i: € 5^. This representation holds for any solution (E*, H*) of Maxwell's equations 

(3.1) iaR®V n‘. 

Now we take the special case of the conductive boundary value problem (3.1)- 
(3.4) and denote the corresponding solution and far held pattern by E(x, d, p) and 
£loo(^ d, p), respectively, explidtiy indicating the dependence on the direction d and 
polarisation p of the incident plane vrave. 

Then we can prove the following reciprocity principle. 

Theorem 4.1. Let /?, tJn , ^2 be related in tuch a way that the conductive boundary 
value problem (3.1)-(3.4) admits a uniyue solution for every incident plane wave {see, 
e.g., the last remark of the preceding section). Then 

q • Ecc(*, p) * p • Eoo(-d, -X, q) 

for all±,d& S^, p, q € C® with p • d ■> 0, q • x 0. ^ 

Proof. Let x, d, p, q be as indented. Then E(x, d, p) « E*(x, d, p) + E'(x, p) 
with E*(x, d, p) <= pexp(i* 2 d • x), and we can decompose H in the same way with 
H*(x,d,p) =* (d X p)cxp(iA: 2 d-x). Then (4,1) Implies that 

~q • Eo„(x,d,p) = E*(y,^,p)) •H^(y, -x,q) dj(y) 

+ (n X H*(y, d, P)) |_^ • il’(y. ~x, q) ds{y), 

since q'(x:xe) =• e*(-xxq) and q-x =■ 0. If (E*,H*) and (F*,G*) satisfy Maxwell’s 
equations and the radiation condition, Green’s formula in \ fl yielils 

/ [(nxE*)-G* + (nxH')-F*]c(s = 0. 

Jon 

Hence, if we choose F* =• £*(•, —x, q), 

^q-Eoo(x,d,p) = ^ (nxE*(',d,p)) • H(-,-x,q)|+ds 

Now n X (E|+ X n) = n X (El_ x n) on dfl and pjn x (H|+ x n) — mn x (H|_ x n) = 
-0a X E|_ on dfl; thus 

~q-Eoo(x,d, p) 

= ^ [n X E(-,^,p) - n X E'(-,d,p)j • [/xiH(',-x, q)L -/?n x E(-,-x,q)] ds 
H- E(-, -X, q) ■ \^nin x H(-, d, p) j_ - /?n x (u x E(-, d, p)) 

- H 2 n X lT(-,d,p)j ds. 
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^d3{y) . 
s equations 

>lem (3.1)- 
.d, p) and 
tioQ d and 


e boundary 
wave {»ec, 




E'(x,a,p) 
i way with 


’ Maxwell’s 


lU X a) 


c, q)] dji 


Now we use Green’s formula in il to find that 


^nx E(-,d,p)) . H(-,-x,q)l_+E(-,-x,q)-^nxH(-,d,p)|_^ d5«0, 


irota which it follows that 
^qEoo(*,i,p) 


« - / (n X E*(-, d,p)) • paH(-, -x, q)j ds 

' Ion ^ ‘ ^ ^0 ^ 

«/ia / (nx H(-,-x,q)U-pe'*‘^‘ + (nxE(-,-x,q))'(dxp)c‘*»^'ds 
JOQ 

which proves the theorem. 

Now we dedne 

V:«spaa|(^xp)c‘*»^'|^:de5“, p6C»}, 

the space of all possible linoaf combinatious of plane incident fields on dfl. and denote 
by JTv the space of corresponding far field patterns. Define £ by 

(£i,E]) C f if and only if there exist Ui^Hj with 
curlEj «»curlH^ -ikjE^ In fl, ; " 1,2, 

(4.2) nxEa-uxEiwO on dil, 

Pju X (u X Ha) - fiin x (n x Hx) «■ /3u x Ei on iKl. 

Then we may state and prove the following result. 

TiU£OREM 4.2. Aituma that, for the given values of (3, fi\, jx^, the conductive 
boundary value problem (3.1)-(3.4) admits a unique solution for every incident plane 
wave. Then the orthogonal complement Ty of Ty in L^{S^) is given by 

(4.3) .Fv «a {h € L^(S^) : there exists Bi such that (Ej, Eh) € £} , 


(4.4) Eh(x) = / h(d)e-‘**^-*ds(d), X e n, 

Js^ 

denotes the so-called Herglotx field with kernel h. 

Proof. Suppose first • hat h € L^iS^) with S ± .TV, i.e., 

f h(x) • Eoo(x, d, d X p)ds(,x) =■ 0 for all d 6 S“, p € C*. 
Js^ 
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Then, by the reciprocity principle (since h(x) • x = d • (d x p) =s 0), 

f (d X p) • Eoo(-d, -X, h(x))(i*(x) » 0 for all d e 5^, p e C*. 

Js^ 

Interchanging the rolca of —x and we see that 

(x X p) ■ / Euo(x,d,h(~d))(is(d) = 0 for all x€ 5^, p € C*. 
Js^ 

I'he function 



E«(-.d,h(-d))da(d) 


Is the far field pattern Feo of the solution (F, G) of the conductive boundary value 
problem (3.1)-{3.4) with incident field 


E‘(x)=. f h(-A)e“>^ ‘da(d) » / h(d)c-^>'^-‘fi£i(^) « Eh(x). 

Js* JlP 

Since (i X p) • Foo(i) 0 for all x e 5^-*, p e C*, the far field Ft*, vanishes on 5^; 
thus F* and G* vanish in \ fl. 

We define £i F, Hi :*■ G and E:] :<» E* » Eb) Ha :» (l/il: 2 )curlEb iu 1^- 
Ilion (£i, E}) solves (4.2). Hence is contained in the set {pven in the right-hand 
side of (4.3). The opposite inclusion follows from reversing the pi'ecueding arguments. 

System (4.2) can be considered as an eigenvalue problem for the two parameters 
ki, k^. By essentially the same arguments as in §3, we can es1;ablish the Frudholm 
alternative for this system: If (4.2) admits only the trivial solution E^ «» 0 in fl 
for j n 1,2, then the hihomogeneous form of (4.2) has a unique solution for every 
inhomogeneity. In this case, Theorem 4.2 states that J^v h* dense in L^{S^), In-stead 
of considering V, we then look at the far field patterns generated by the space 

X;-span ((dxp)e‘*»^-| - (di x p)e‘*’'‘‘ | :d€5*, peC’j 

V IdQ Idi) j 

for a fixed direction e S*. Let .F 4 be the space of the coiresponding far field 
patterns and h € Ly(5*) w'ith E e i.c,, 

[ h(x) • E«,(3!:,^,d X p)dj(x) f h(x) • Boe(x, di,di x p)d3(il) 

Js/i Js* 

for all d e 5^, p € C®. Using the reciprocity principle as before and interchanging d 
and X yields 


(x X p) • f E«,(x,d,b(-d)) cis(d) = -tkaP • c for all x e S*, p e C®, 
Js» 

with c :=* (l/ika)di x Eoo(-^i. -x,h(x)) dj(x), i.e., 


p ■ X X / Eoo(x, d, li(d)) da(d) - ifcac 

L Js'^ 


= 0 for all xe 5^, pGC^. 
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ladary v»Iue 


lisbi^s oa 5^; 


rurlEh iu Q. 
tc right-baud 
g aigumcuts. 
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he Fredholm 

s, = 0 la n 

ion for every 
S^). Instead 
2 space 


ding far field 


erchanging d 


P€C®, 


p € C^. 


From this, we conclude that 

XX /" Eco(x,d,h(-d))ds(d)=i* 3 C foraU xe5=. 

Js^ 

As before, the function 

[ E«(.,a,ii(-d))ds(d) 

Js‘-‘ 

is the fill field pattern Fgo of tbs solucion (?,&) of the conductive boundary value 
problem (3.1)-(3.4) with incident field » E^. Since the &r field pattern Fgo ia 
a tangeutisl field, we conclude that Fae(£) » -ik^x x c for all i Thus Fo, 
coincides with the far field pattern of -curl [c'<acp(»fcj|x|)/|x|)). FVom the unique¬ 
ness of the far field patterns, the corresponding fields must coincide; th^is F'(x) = 
-curlte(cxp(»l:alx|)/|->:j)) for x on \ £1. Again, wo define Ei :** F, Hi :» G, 
£a ;<s £* => Eh, Ha :» (i/iiha)curlEb in il. Then (Ei,£a) solves 

curlEj - ikjHi, curlH^ « -ikjEj in fl, j w 1,2, 

(4.5) nxEa-nxEi = ux curl on Sfl, 

1*1 

/ian X (n X Ha) - Mifl x x Hi) = /Ju x Ei -i- —n x fa x curl® 

nta V L 1*1 

on dCi. This argument establishes the foUowiag theorem. 

Theorem 4.3. Let 0, ni, ^ that Hu condttcHvc boundary value problem 
(3.1)-(,3.4) admiti a unique ioluUonfor every incident wave E’. TTier. ifu orthogonal 
complanent o/J'U -C'r(<S®) « iriwen by 

*a {Si € f'|'(S®): then exiata Ei ond c e 0* such that 
(Ei.Eb) aolvea (4.6)}. 
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We formulate cenain problems in the optimal design ' iating structures such as multicriteria optimiza¬ 
tion problems. We review the basic background of problems, prove the existence of Pareto optimal 
points, and give necessary conditions. We apply the i„..cr to t' e numerical computation of optimal surface 
currents for the problem of simultaneously optimizing botl le quality factor and the signal-tu-noise ratio 
of a conformal antenna. 


I. Introduction 

In our earlier paper [1] we summarized a coherent approach to the problem of 
optimal antenna design. By foimulating various measures of performance as real¬ 
valued functionals defined in the appropriate function spaces, we can systematically 
use the methods of functional analysis and optimization theory not only to study the 
existence and properties of optimal solutions but also to develop computational 
procedures for the numerical approximation of these solutions in coDcrete cases. Thus 
in [1] we provided analyses, including computational results, for two specific cases; 
the maximization of power radiated into a given sector (or sectors) of the far-field 
region and the problem of maximizing the signal-to-noisc ratio. 

It has long been recognized [11], [8] (esp. ch. 8) that the narrow focusing of the 
main beam of an antenna has the concomitant effect of increasing the near-field 
power. Not only may one wish to focus the main beam, but also to minimize the 
power stored in the ncar-ficld region. Thus we sec a typical problem that arises in 
antenna design, namely the problem of dealing with several, possibly conflicting, 
goals. 

The approach user! most often in such situations is illustrated by the two examples 
in [1]. In the first case wc introduced a constraint on the power available to the 
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antenna by considering surface cunents that are bounded in some appropriate norm; 
in the second, wc required the so-called quality factor, that is the ratio of input power 
to the far-field power (both measured, again, relative to the appropriate function- 
space norms), to be bounded. 

In this paper we wish to suggest another approach to such antenna design prob¬ 
lems, namely the approach of multicriteria optimization. While weU known in other 
applied fields these techniques have not been applied, to our knowledge, to problems 
of antenna design. The subject of multicriteria optimization has been most thoroughly 
developed in the literature of mathematical economics and is most often associated 
there with the names of Walras and Pareto who introduced the ba.sic notions in the 
late 1890s. The interested reader may consult the review article of Stadler [9] for the 
historical background and the article of Daucr and Stadler [3] for more recent 
developments. Applications to problems in mechanical engineering arc described in 
[10], which has an extensive bibliography. 

We dedicate the following section to an outline of the necessary background 
material including the general conditions ensuring the existence of Pareto points and 
necessary conditions in the form of a multiplier rule. Section 3 contains a statement of 
the optimization problem and the proof of existence of an optimal solution. The final 
section contains a numerical example. 


2. Notation and basic theorems 

Wc recall that a convex cone A in a linear space Z is a convex set with the property 
that 

X 6 A, a 0 implies ox e A. (2.1) 

Note that, in particular, 0 e A. Such a cone defines a partial order, < ^, on Z accord¬ 
ing to 

x<f,y provided y - x s A. (2.2) 

In order to ensure that the relation is not only reflexive and transitive, but also 
antisymmetric wc require, further, toat the cone be pointed, that is that 
A n( — A) {0}. In this case x <Ay and y <a^ implies that y - x = 0. 

Example 2.1. The most common example is that for which Z — W and 

A = {x == (x‘..... x")|x' > 0, i = 1, 2.nj. 

Then x <Ay if and only if x‘ y' for all i = 1, 2, .... n where the latter inequality 
involves the usual ordering in R. 

Example 2.2. Let Z = SL,(R"), the set of symmetric n xn matrices, and set 
A= {A e ST,(R")KZx, x) ^ Ofor ail x £ R"}. 

Then A is a convex, pointed cone. 

In problems of vector optimization we are interested in minimal elements relative to 
a given order cone. 

Definition 23. Let S -A 0 be a subset of an ordered vector space Z. Then xqS S is 
a minimal element of S provided x e S and x <f,XQ implies x = xo. 
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Example 2.4. Let Z = with A = {(x, >’)|x > 0, > 0} as order cone. Let 

S = {(x, y)|x > 0. y ^ 0, x^-5= 1}. . 

Then all the points of the set 
{(x,3')e5|x>'= 1} 
are minimal. 

The general multicriteria optimi 2 ation problem cau now be formulated as follows; 
given a linear space X and an ordered linear space Z, let U c X and suppose 
g: U -* Z. Find uqS U such that g(uo) is a minimal element of g(U). 

DefiDition 2.5. A point u^eU is said to be Pareto optimal relative to the vector-valued 
function g provided g(uo) is minimal with respect to g(U). 

The term Pareto optimal is chosen here for historical reasons. Other terms have 
been frequently used including ‘non-inferior solutions’, ‘non-dominated solutions’, 
and ‘efheient solutions’. Some of these terms may be more informative in that they 
better suggest the property that characterizes Pareto points, namely that we cannot 
lower one of the component values by moving from that point without strictly 
increasing at least one of the other components of the criterion vector. 

In general, Pareto points are not unique as we can see in the following simple 
example. 

Example 2.6, Consider the cone A c o/ Example 2.4. Then the Pareto set i.e. the set 
of Pareto optimal points for the function 



defined on S ^ {(x, y)\x ^ 0, y 0, xy Ss 1}, is just the set 
{(x.y)6Slxy- 1}. 

We remark that, in general, it is not true that there exists some point that will 
minimize all the components of the vector criterion simultaneously, nor is it necessar¬ 
ily true that standard scalar optimization methods can be used to find the Pareto set. 
In panicular, it is not generally the case that the minimization of one criterion subject 
to inequality constraints on the others will yield a Pareto point. 

In order to develop conditions guaranteeing that a point is Pareto optimal, we need 
to introduce the concept of a polar cone. To this end, let Z be a Banach space with 
dual Z*. Thus Z* is the set of all continuous linear maps /.:Z -*U. E>enote the action 
of an element A e Z* on z 6 Z by </., z>. For an arbitrary set £ c Z we have 

Definition 2.7. Let E ccZ. The polar of the set E is defined to be 

£";= 6 Z*l<;. r> ^ Ofor all z e £). (2.3) 

Note that, by the linearity and continuity of L, £" is a closed convex cone in Z* 
regardless of the nature of the set £. We shall refer to E” as the polar cone of £. Related 
to the cone £’’ is the set £” given by 

£-;= {;.6£'’!<;.,r> < O/or o//r g £, r vt 0}. (2.4) 

It is clear that t~ {0} is likewise a convex cone in Z*. We shall call it thesfricr polar 
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cone of E. It is a standard rcsuil [4] that ilic inclusion 

imlA") c A- (2.5) 

is valid provided Z is reflexive and A is a uon^trivial dosed convex cone in Z. 

It is now a simple matter to establish a b^sic sulflcicnt condition lor a point to i>e 
minimal. 

Proposition 2.^ Let Z be a real Banach .vpactf ordered by a non-tiivial convex cottc 
A and let Xe A~. If S c Z and y e S is such that 

KX 2 ) ^ (X y) for all 2 e i' (2.6) 

then y is a minimal point ofS. 

Proof Let 2 o£S, ro s* >». and suppose 20 <a>'' (y - ro) e A\{0}. Hence 

- 2o > <0. which contradicts (2.6). 

We can now prove a theorem guarasitccine ihe existence oi' Pareto [?oints under 
conditions of wide applicability. Wc need only recall the Ibllcwing dehsuticn. 

DeflnitioD 2.9. A map g: X -* Z^ X, Z Banach spaces, is called compkcely continuom 
provided g maps weakly convergent sequences into norm convergent st^quen.'.es. 

We can now state the following existence theortiti. 

Theorem 2.10. Let X bea Banach space and Z an ordered reih'c'we Banach space with 
a non-trivial closed convex order cotie A. Suppose that iiM'A^)?^ 0. ‘1%‘n if U is 
a closed bounded convex subset of X and 

g:U-*Z 

is completely continuous, then g{U) has a nmimal point atul U contains a Pareto point. 

Proof By Mazur’s theorem [12] U is weakly compact and hence, by the complete 
continuity of g, g(U) is compact in Z. If we can show that g([/) ctntains a minimal 
point 2 , then any del/ such that p(u)_= 2 is a Pareto point. 

Let 16 intfA’’). Then X 0 for, if A ■« 0, then A*" could contain a bt.!.i and hctiM 
would coinddc with Z". By reflexivity (A”)*’ * A so that A » (0}, winch would 
contradict the assump^on that A is non-trivial. 

Now, for the given A, consider the map 

r-<X2>, zeg(U} 

ofglU) -* R. By continuity and compactness this map has a maximum on ), .say .it 
ieg(U). Then 

<Xf) > <X 2 > for all zeg(U). 

Thus f is a minimal point by Proposition 2.8. 

The assumption of complete continuity of the map g in Theorem ZIO implies, in 
particular, that g maps bounded sets into bounded sets. Thus E.x.ample 7 6 shows that 
Pareto points may well exist even if g docs not have this property. luoeed the set of 
Pareto points may itself be unbounded. That problems •vvitii unbounded sets g{U) 
may arise in applications, wc shall sec below in section 3. In such cases it may be 
possible to show that the existence of Pareto points follows from the compactness of 
certain subsets of g{U). In fact, wc have the following result. 
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'ritiwreriJ 2.1 J. Lei .Y be a Jianucit sciici; ami 7. an ordered re/iaxive Banach space with 
a njn iriuiat dosed cotwex order cone A. Suppose that inl(A^) 0 and that U c X. 
Then if g: U Z is such ihci,Jor some 2 eZ, 

O',-;;:-A)0^(1/) (2.7) 

ii iiuiv-cr.ipiy and compact, then U contains a Pareto point. 

Proof Noiu <hat if to is a tniiiimal point for G; then Zq is also minimal for g(U). 
Imlcctl .'.ince Jo is minimal lor Gj. 

(rn - A).-A<7, -r (2.8) 

We have to show Jiat (zr, -- A)r,g{V) «» { 20 }. Thus let x eg{U)rs{zQ — A). Then 
X G :o - A and also So 2 -* A. By adding these inclusions we obtain xez - A, that is 
c- (2o A) f\ G; •" Thus is also minimal lor g(U). Now, if G* is compact in 
Z tfici) the fivoof ci/Thcorcin 2.10 shows that Gj has a minimal element and the proof 
is '.‘on.pletc. 

V/c coiifiudc this section with a ufctssary condition, in the I'orm of a Lagrange 
(VkUltiplicr rule, which will '.w suitable for the specific problem discussed in section 3 
bolow. A more generaJ statement, a.s well as the proof, can Ic found in the book of 
Kiisoii. Wai th and Weiner [5]. 

'Ihk.'orctn 112 Let X and Z be Banach spaites satisfying the hypotheses of Theorem 110 
and suppose that g‘X~*X is Frichnt aijfcrentiahle whHc h: X-+R is continuously 
fnkhttt dlfjcrcnt.’.ablc, S.,et 

S {x c- .Y|;.(a:) «. 0} 

and suppose ihat M o S Ir -j Pareto point for g. Then there exists a r.e. — A” and a 
such thr.i 

4- /rh'iA.')]^ » 0 for all x f X, 

Moreover, ifh'‘x) is surjeettvi then T'?!- C. 

PmarSi. This theorem Iiolds even for weak Pareto p.rints x, that is for those xeS that 
satisfy 

[(?(^') - im norAv’i) r:: 0 

procided tiuir iatT 0. 


,3. An opJvnhiiuion piublein for aulenna design 


As described m our earlier paper [1], we consider as an antenna any radiating 
structure ihai suppons a flow of charge, or surlace current I, and winch thereby 
produces an cloctromaguetic field in a homogeneous isotropic medium exterior 10 the 
structure. For definiteness, wc consider here the case of a connected region D c R’. 
w lih non-empty interior, D ., and C ^-boundary' 5. Wc shall use D + for the (connected) 
exterior domain R^\(S w 0.), wc shall denote points by their position vectors x and 
y, and v's shall choose ilie origin of the coordinates to lie in /)_. 
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Assuming a hanaonic time dependence, c'’"*, the field, (E, H), produced by I is 
required to satisfy the timc-hamionic form of the Maxwell equations 

VxE-i;cZoH = 0, (3.1a) 

V xH + ikYoE 0, (3.1b) 

where Zq = (;/ o /£ o )‘'^. Z © = I/Zq, k = cd(eoHo)^'^ and eq, hq are the free-space 
permittivity and permeability, respectively. The quantities Zq and Yq are the frec- 
space impedance and admittance. 

We recall [2] that the fields E and H have the asymptotic representation 


c‘*' 


E(x) = ~ F(x) ^ tPfl/r"), r 00 , 

(3.2a) 

and 

e'*' 

H(x) = To — i F(i) + >* - 

(3.2b) 

where x = x/, , and r — |x|. 



The vector function F, which has no radial component, is called the radiation 
pattern. It is an analytic function defined on the unit ball S'. 

The problems that we summarized in [1] involve some numerical measure of 
performance, which is to be optimized by selecting the appropriate surface current, I, 
from some preassigned subset of admissible currents. The existence and uniqueness of 
a solution to (3.1) satisfying the boundary condition 

Zon X H = I on S (3.3) 

and the Silvcr-Muller radiation co.idition [2]^p. 113 for every tangential field 
IeLi'(S) = {H'eL"(S);n-T = 0on 5) 
guarantee the existence of a mapping 

jr:L?(S)-»L/(S'), (3.4) 

which associates to each admissible current I the corresponding far^ficld pat <11 F. 
This map, which is not known explicitly except in certain special cases, is known n be 
compact and, by Corollary 4.10 of Colton and Kress [2], it is one-to-one. 

In terms of this compact operator we can introduce several different measures oi 
antenna performance. An extensive list appears in [1]. Here, we shall consider two 
examples of optimization problems based on such criteria: the first problem is one 
related to the problem of antenna synthesis, while the sccono 'iuid more complicated) 
example involves the concept of signal-to-noise ratio. 

The classical problem of antenna synthesis can be formulated as follows (see e.g., 
[8]). Given a desired far-field pattern Fo, find the surface curreni I whose far field 
produces Fq. 

Stated in this way, the problem has no solution in general as Fq may not be an 
actual far field. In particular Fo may not be analytic. However, as shown in [2], the 
range of Jf is dense in L,''(5'), and we usually formulate the problem as that of finding 
a best approximation to Fo measured in some suitable norm. For example, it is 
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common to consider the functional 


i7(I):= 


|jri(x)-Fo(x)|^d5. 

S' 


(3.5) 


Good approximations in this sense can be realized only by producing unacceptable 
levels of the 'quality factor’ given by 




(3.6) 


which compares the power radiated into the far-ficld region with the power supplied 
to the antenna structure. Here we suggest that appropriate compromises can be 
studied by identifying the Pareto points for the vector criterion 




D(I) N 
II-5^1 II s'J 


(3.7) 


subject to the power constraint 

I|J|Il»,s,<1- (3-8) 

We arc assured of the existence of Pareto points for this problem by the following 
result: 

Theorem 3.1. 77ie mapB'. Li*(5)-»IR^ is completely continuous and hence Pareto 
points exist. 

Proof. Since the relatively compact sets in K* arc the bounded sets, it suffices to show 
that 2 maps bounded sets into bounded sets. However, this follows immediately from 
the boundedness of the operator Jf and the fact that 5 is a bounded surface of finite 
area. 

As a second example we introduce the signal-to-noise ratio (SNR) defined by 


SNR(x.I);= 


l(JfI)(x)P 

Js.cu(y)='|jri(y)|^ds’ 


(3.9) 


where o e L*(S*) is non-zero on a set T of positive measure. The denominator of (3.9) 
is a measure of how much the radiated field is corrupted by noise. For a fixed direction 
X and constant c > 0, we can formulate an optimization problem as 


maximize SNR (I) 

subject to IIIII < 1 and i(l) ^ c, 
where 2 is given by (3.6). 

This problem was studied, for the acoustic case, by Kirsch and Wilde [6] and was 
formulated, as we have done here, for the full three-dimensional electromagnetic 
problem .n [1]. These results generalize the problem for planar apertures that were 
first studied by Lo er al. [7], Here wc wish to consider, not this constrained problem, 
but the vector-valued problem with the criterion 


V(r):= 


- SNR(I)\ 

^(I) ) 


(3.10) 
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subject to 

I^iO. (3.11) 

In order to prove that Pareto points for the problem (3.10), (3.11) exist we shall use 
Theorem 2.11. 

Let V'" be the set of attainable points, that is 

{V(I)|I,*0}. (3.12) 

Since we cannot show the closedness of i^, we extend this set, show the existence of the 
Pareto points of this extended set and prove afterwards that these Pareto points lie in 
fact in y. We begin with the following result. 

Lemma 3,2. The set 

n;" |v(I) + (^®j|I^O,r>o| 


is closed and yQr \(2 — \) is compact for every re Hence has Pareto points. 
Proof. To show that i'^Q is closed let {!,}<= Lf*(S), {r,} <= R with r, ^ 0, L ^ 0 and 


V(U + 





Since V is scale invariant, that is for any scalar z t C\{0}, V(zl) V(I), we can assume 
that II I, II - 1 and thus {!,} contains a weak-iimit point. Without loss of generality 
we assume that I,-►I weakly in Lj'fS) for some I with l|I|li,a(i-) < 1. Since Ji'' is 
compact both as a map into L,^(S') and into C,(S') we have that Jfl,-*^(•'1 in 
L,^(i*) and C,(S‘). We show that I 0. Tliis follows from the convergence 


.atij + r, - II jr ImIIlJjji, r, - Zj 
since r, > 0 and ||.x^I,|li.j,fi,-* ll,^I|lti,i.i). Furthermore 
ri - || Jf l || ".fj., > 0. 

Also we have that orjf I„ -► ca.^'ll in L,^ (.S') and coJTI / 0 because of the analyticnty of 
XI. Therefore SNR(1J-SNR{T) » - Zj. Urns wc have 


!■) 


-SNR(I) 
r + l|XI„l|-4., 


1 - nil 


v(i) + r with 5 - r +:_0. 


This means that 


Jt I|li.J(s>, 



which proves that Xq j$ closed. 

To show the compactness of “ F) we only have to prove that this set is 

bounded. Let 

be a sequence in y^on(z — F). Again we can assume that III,|Il:i,j, “ 1 and r, ^ 0. 
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Certainly 0 < ^(1,) + r. < zj SNR(I,) ^ 0. Again we conclude as in the first part 
of this proof that (I,) contains a weak limit point I with || 11|< 1 and Jf I, -»Jfl in 
X’fS') and C,(SM- From .2(1,) ^ Zj we conclude that |i > I /22 ^md thus 

jri v* 0. This shows that SNR(I„) -* SNR(I), that is 


V(l,) + 



is bounded. 

Tn the light oi'Theorem 2.11 we know that y'o contains Pareto points. This ends the 
proof. 


It is now very easy to show that existence of the Pareto points of y*. 


Theorem 33. Let 


z*en:- «^V(I) + 


C) 


I ¥‘0,r>0 


be a Pareto point of Vq. Then z* e that is 2 * is also a Pareto point ofT". 


Proof Let 

2 *-V(I*) + (^° I*^0.r*>0. 

Since V(I*)s and V(I*) <^ 2 * we conclude from the minimality of z* that 

2 * ™ V(I*) 6 This completes the proof. 


Now we shall apply Theorem 2.12 to the optimization problem (3.10), (3.11) and will 
use the resulting equations to compute the set of all ‘critical points’, which, as in the 
case of a single-cost functional contains the set of Pareto points. Note that, for this 
particular example we shall not need the full force of that theorem since we have no 
explicit equality constraints. Certainly other situations will arise in applications where 
it will be useful to be able to handle such constraints and we may bring the full force of 
Theorem 2.12 to bear in such cases. 

The Frechet derivatives of SNR and .2 at Iq e Lf (S) are (here and in the following 
we write 1| • || for the L}- norm, either on 5 or on S'): 


SNR'do, I) - II II"Rc(jrio(x)- XIH)) 

- |jrio(x)|"Re (ojjrio, (oXiyi 

-?'{Io.I)= jj^i|-*-CllJrio!l*Rc<Io.I> - ||Ioll'Re<jrio.jri>]. 


We now assume for simplicity that D is an infinite cylinder in the z-dircction whose 
constant cross section we also denote by Z> c (with boundary S). Furthermore let 
I = /2 with a scalar function / e L^(S). Finally, let X be given in the explicit form 

Xl [ x ):-‘0 


l(y)c - ''‘*'yds(y) = <7(^1, . /“ c"*"'*- 


2 V nk 
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Let /o be a Pareto point. Application of Theorem 2.1.2 yields the existence ol/^ n^Q 
with X + ^l> Q and — 2SNR'(/o, I) + /) “ 0 for ail 7 e i.^(S), that is 

- [II"^^0 olxiffc***' - i ■*x'un 


+ i-^p^Cijr/oii^fo - li/oll'jr-*.5r/o]«0. 


or 


^WojxricV 




+ 


lijr/oii^ 


_|£_ 

■||J^"/oll" 


Qojr^xrio 


Ajt Jo(i)c Hi- 
” llcojr/oP 

where Qo - lUollVllJr/oll’. 

Now we distinguish between two cases. If Ajf/o(S) * 0 then jr*jf/o »* (l/(2o)foi 
that is l/Qo is an eigenvalue of Jf • Jf with eigenfunction Iq. 

If A > 0 and Xfloii) 0 wc set 


iia>j<^for . ., r 

AiiJ>r;oiiMijr/o(x)i'' iimjrfoii' 

Then Ii is also Pareto optimal and X'lil'k) «» ||wJf/j ll^ thu,s SNR(/i) »• WoX'lx 1|^ 
and 


+ jii, - iiQaX*xri^ - on s. ai 3 ) 

Therefore we see that if/j is a Pareto point of (3.10), (3.11), that is normalized so that 
X'I\(i) - IlcuOf/iP then there exists /I > 0 with (il3) where Qo « l|/i llVll II*' 
Solutions of (3.13) are called critical Pareto points of the problem (3.10), (3.11). 

If, on the other hand, h solves (3.13) for some Qo and fl > 0 then 

xn,{x) - </„ - II a)or/, II * + 72 II/i II * - m( 2 o II /i II*. 


that is 

jr;,(x) - llcujf/, II* - ACII/i II* - Qo IIX/i 11^]. 

Hence 

Jf/i(x)«« ||<wjr/t 11^ is equivalent to ||/i ||^ - QoWX^li ||*. (3.14) 


Equations (3.13) and (3.14) describe a one-parameter family of critical points that 
contains the set of Pareto points or even the weak Pareto points. 

We v;ant to illustrate this approach via the necessary optimality conditions with 
a numerical example (cf. Kirsch and Wilde [6] for the related example where 1 is fixed 
and SNR is to be maximized). 

We consider the case where D is the unit disc in and o) is the characteristic 
function of a portion of the unit circle, for example, 


co(t) 


11 if < t < i2, 
(0 otherwise. 
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For this choice we can compute explicitly: let 
/(s):=/,(s)= "X Xjc'J’- 

Then 

00 ^2n 

— <r Y, 

Ju-m Jo 

- 2r:a Y Xj( - iyjj{kW^, 
where we have used the fact that 

£ (_ i)"j,(/c)e‘" 

«■ -iO 

Here, J, denotes the Bcsse! function of order n. 
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Thus wc sec that Jf is an infinite diagonal matrix with elements 2xcr( — i)-'Jj(lc). 
Likewise Jf’Jf is diagonal with elements An^\c\^Jj(ky and 

jr*(a)*jr/)(i)“ 2;r|al* f Xj(^-\yjj{k) ' e'v«ci**“<'->ds 

i*« - 00 J*l 

CD 00 

= I I a,jXje^‘’ 

/• - oo - oo 

where the coefficients aij arc defined by 

P* 

dij oi 2n\<x\^{ — iy Jj{k)i^Ji{k) e^**^"^**df 

Jn 

■ 2a|<r|^i'“-'J;{k)yi(l:)r^^ (e'*^-'"* - 6“^-''“). if y ^ 
2n\ayjj(ky(t,-t,), ifj-/. 

We project equation (3.13) onto the finite-dimensional space 
X, - span{c‘^': |y| n}. 


Table 1. Solutions of Equation (3.15) 


fl 

Qo 

SNR 

Qo 

SNR 

<2o 

SNR 

Qo 

SNR 

0.2 

7.39 

36.23 

11.20 

0.52 

12.64 

4.32 



0.3 

7.38 

30.46 

10.67 

0.18 

12.58 

3.46 



0.4 

7.37 

26.99 

10,50 

0.10 

12.54 

3.01 



0.5 

7.36 

24.43 

10.36 

0.06 

1Z52 

2.75 



0.6 

7.36 

22.32 

10.29 

0.04 

12.51 

2.57 



0.7 

7.36 

20.51 

10.25 

0.03 

1Z50 

2.44 

14.94 

0.28 

0.8 

7.35 

18.92 

10.21 

0.03 

12.50 

2.35 

14.78 

0.20 

0.9 

7.35 

17.50 

10.18 

0.02 

12.49 

2.27 

14.67 

0.15 

1.0 

7.35 

16.23 

10.16 

0.02 

12.49 

2.22 

14,58 

0.12 

1.1 

7.35 

15.09 







1.2 

7.34 

14.08 







1.3 

7.34 

13.17 







1.4 

7.34 

12.33 







1.5 

7.34 

11.58 







1.6 

7.33 

10.92 







1.7 

7,33 

10.34 







1.8 

7.33 

09.78 







1.9 

7.33 

09.28 







2.0 

7.33 

08.84 

10,06 

0.00 

12.48 

1.95 

14.22 

0.03 

3.C 

7.31 

06.01 

10.01 

0.00 

12.48 

1.86 

14.11 

0.01 

4.0 

7.31 

04.65 

10.01 

0.00 

12.48 

1.82 

14.05 

0.01 

5.0 

7.30 

03.88 

09,91 

0.00 

12.47 

1.80 

14.02 

0.00 

6.0 

7.30 

03.38 

09.91 

0.00 

12.47 

1.77 

14.00 

0.00 

7.0 

7.30 

03.04 

09.81 

0.00 

12.47 

1.75 

13.98 

0.00 

8.0 

7.29 

02.73 

09.81 

0.00 

12.47 

1.75 

13.97 

0.00 

9.0 

7.29 

02.60 

09.71 

0.(K> 

12.47 

1.73 

13.96 

0.00 

10.0 

7.29 

02.45 

09.61 

0.00 

12.47 

1.73 

13.95 

0.00 
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Thus equations (3.13] and (3.14) take the form 

{A + iiE - fiQoD)x = r, ^ (1 - “ 0, (3.15) 

j--» 

where £ is the identity matrix, 

D » diag(dj: |;[ < n), with dj «* 4?t^lcr|VJ(k)^ 

“ (ay)/.V--«.» and rj - diOj(k)e~‘J* 

where i — (cos S, sin 5). 

We have computed this example for the choice Ic « 6, riB:40°, tj 140°, 
(5 ■ - 90° and n ** 16. For large ranges of fl (from 0.2 to 20) we computed ail the zeros 
of the function 


<p(Qo)ii:" Z (1 

where x solves the first equation of (3.15) for Qo > by a simple bisection method. It turns 



-iJ -0 'l.l* -y- 

Fig. 1 Perturbations of minimal solutions 
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out numerically that this function <p(Qo); has several zeros that correspond to local 
Pareto minima. Table 1 contains the parameter jl with the corresponding Qo and 
SNR. 

Figure 1 shows the different branches of solutions of these necessary conditions for 
this range of /i-valucs. Numerical tests show that the branch of solutions correspond¬ 
ing to the lowest 2-value is likely to consist of Pareto minima. In Fig. 2 wc show the 
distribution of ( — SNR, 2)-values corresponding to complex perturbations of the 
individual components of the surface currents x associated with each of three 
( - SNR, Q) points on the lowest branch. In each case, all the resulting ( - SNR, Q) 
pairs lie outside the negative cone as indicated in the hgure. Hence, witliin the range of 
the perturbations, the points on the lowest branch appear to represent Pareto minima. 

Wc note, finally, that this lower branch shows a relatively wide variadon in the 
value of SNR for very small changes in the value of the quality factor Q. This indicates 
that one should be able to achieve rcladvely high values of SNR without an appreci¬ 
able degradation of the quality factor. 
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1. Abstract 

In recent years, there has been increasing interest in the use of iterative methods 
for solving a variety of problems in propagation, scattering, and inverse rcattciing of 
radio waves. In this paper, we review a number of the most-prominent methods for 
solving operator eiquaiions, arising in wave-field p.^obicins. nic metiiods are used 
both in rime-domain and frequency-domain problems and, in the frequency domain, 
are most useful at low and intermediate frequencies. In direct-scattering problems, 
we describe the essential features of the Ncumaim series, over-relaxation methods. 
Kiyiov-subspace methods, conjugate-gradient and biconjugate-gradient methods, and 
the conjugate-gradient-squar&i technique. Most of these methods are shown to be 
derivable from an error-minimization principle using various error criteria. 
Convergence of these methods is discussed. The enor-minimization principle is 
shown to underlie a number of approaches to inverse problems, of reconstructing 
complex indices of refraction and scattering shape, from scattered-field 
measurements. The same iterative methods used in the (linear) direct problems are 
also applicable in the (nonlinear) inverse problems. 

.roduction 

Radio-wave problems are often formulated as integral equations, and it is this 
fonn which serves as the staning poim for most numerical solutions. Typically, the 
Integra] operators which occur are boundary integrals, when considering scattering 
by impenetrable or penetrable homogeneous objects, and domain integrals, for 
penetrable inhomogeneous scatterers. These operators are invariably complex and 
non-self-adjoint, which complicates most numerical approaches. In a large number of 
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Electromagnetic Scattering by Indented Screens 

John S. Asvcstas, Senior Member, IEEE, and Ralph. E. Klcinman, Senior Member, IEEE 


Abstraet—The probiem of three dimensional electromagnetic 
scattering from a perfectly conducting screen with a bounded 
indentation is fonnulated as a system of boundary integral 
equations for the electric current density on the cavity wall and 
the interface between the carity and free space. It is shown how 
the tictitious current density on the interface may be eliminated 
resulting in an integral equation of the second kind for the current 
density' on the cavity wall only, with no integration over the 
infinite screen. In addition, integnti representations are derived 
tiiat represent the field everywhere in space in terms of the 
current density on the cavity wall only. Fuithermore, asymptotic 
ex.pressions for the far field are also presented. The equations 
aud ^presentations simplify considerably in the two-dimensionaJ 
scalar case and results are presented for both TE and TM 
polarization. 


I. Introduction 

B oundary integral equation formulations of electro¬ 
magnetic scattering problems serve as one of the primary 
bases for numerical approximations. Die elecnic and magnetic 
field integral equation formulations of scattering of an incident 
field from a bounded obstacle inunersed in free space are 
well Itnown (e.g., Poggio and Miller [1], Colton and lOess 
[2]) as are alternate forms which have been developed to 
eliminate illpo,sedness (non-uniqueness) of these equations at 
interior eigenvalues or cavity resonances. Ihese include the 
combined field and combined source equations (c.g., Brakhage 
and Werner [3], Bunon and Miller [4], Harrington and Mautz 
[.5]) and modified Green's function methods (e.g., Jones [6], 
Klcinman and Roach [7], Jost {8], and Yaghjian [9]). 

When ilie scattering object is above a conducting plane, 
tlic integral equation formulation is much the same. Using the 
method of images, integrals over the plane may be removed 
by introducing the Green’s function for the plane as tlic 
fundainental solution.. The resulting integral equations are 
changed only by replacing the free space Green's function 
by the Green’s function for the plane and adding a reflected 
field to me known term. 

Wlicn the scattering object punctures the conducting plane, 
the problem is still easily reduced to familiar integi-al equa¬ 
tions. In the case of scancaing by extrusions on a perfectly 
conducting plane, the presence of tlic plane may be taken 
into account by combining the results for scattering from 
an unpcnuibcd plane w'itii die field scattered by an obstacle 

Minujcnpt received June l.S. 1992: revised June 29. 1993. Tlsis work wat 
supponed in part under .AJO.SP Grant 91- 0277 and ONR Gtanl N00014-91- 
J.1700. 

J. S. Asvesus is with Uic Grumman Coi'poraie Research Center. M/S 
AOl-26. BcUinage. .VY 117|rL3580. 

R. E. KJeinmaii is wuh tlie Cemet for ihe Matliemaiics of Waves, Depan- 
menl of .Mailiemancal Sciences. Umveisny of Delaware. Newark. DE 19716. 
I£££ Log Number 9216046. 


consisting of the extrusion and its image in the plane, a 
bounded obstacle in free space. 

The picture is dramaL sally changed when the conducting 
plane has indentations rather than extrusions. The previously 
cited methods of reduction to simpler problems which do not 
involve integrals over the infinite plane are no longer available. 
Moreover this case has become important since it has been 
observed that small indentations may considerably change the 
scattering characteristics of otherwise smooth surfaces. 

This problem has received considerable attention over the 
years. Most of the boundary integral formulations in the 
engineering literature are based on Schelkunoffs equivalence 
principle, which is essentially an application of the vector 
Green’s theorem, see Chen [10], coupled with the network 
formulation of Mautz and Harrington [11]. The scattering 
domain is decomposed into two p'uis, an infinite half space 
and a cavity in the plane. The two arc connected via currents 
on the fictitious surface between th i cavity and the half space. 
However, the integral equation for the closed domain bounded 
by the acmal physical indentation and the fictitious surface 
separating the cavity from the half space is plagued by the 
usual problem of non-uniqueness at the cavity resonances, 
e.g., Liang and Cheng [12]. In this approach the fields interior 
and exterior to the cavity are coupled by a fictitious magnetic 
current on the interface between the cavity arid free space. The 
virtue of this equation is its relative simplicity; however, the 
price one pays is the occuircnce of spurious resonances. 

Recently a different attack has been made using a com¬ 
bined finite element boundary element approach wherein the 
boundary integral equation arising from tlie exterior half space 
is coupled on the fictitious surface with a finite element 
fonnuiation for the fields in the cavity (sec Jin and Volakis 
[13, 14], Jeng [15], and Jeng and Tzeng [16]). A variation 
on this approach was used by Wang and Ling [17, 18] in 
which the cavity was decomposed into subelements each of 
wtiich was treated via integral equations on the subelcment 
boundaries. These hybrid approaches apparently eliminate the 
resonance problem (although no theoretical uniqueness proof 
is available yet) at the cost of a finite element rather than 
boundary element computation. 

For related scalar problems in acoustic scattering, Willers 
[19. 20] derived boundary integral equations for unknown 
functions defined only on the surface of tlie indentation and 
showed that these equations were uniquely solvable for all k 
for both Dirichlet and .'9eumar,n boundary conditions. How¬ 
ever die kernel of Willer’s integral equations involve integrals 
of fiee-space Green’s functions over the entire boundary, 
screen plus indentation, and tlicrefore are awkward for nu¬ 
merical implementation. 


0OI8-926XAI4SO4.CU $ 1994 IEEE 
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In the present paper we develop boundary integral equations 
for the electromagnetic indented screen problem that avoid 
the introduction of a “magnetic" current density. We obtain 
integral ei’uatioi.s in terns of an electric current density on 
both the ca 'ity wall ana the interface between the cavity and 
free space, and •show ’low these lead to a second kind integral 
equation for the electric current density on the cavity boundary 
only. This approach is based on the direct approach using 
Green’s theorem lather than a layer ansatz. The integral equa¬ 
tions obtained do not involve any integrals over the infinite 
screen and, tlius. lend themselves to numerical computation. 
Moreover, these equations are expected to be free of cavity 
resonances though this is still to be proved. 

In Section II we state the problem and in Section III the 
main results: an integral equation for the current density 
on the cavity wall and integral representations of the fields 
everywhere in space in tenns of the solution of the integral 
equation. These representations simplify considerably in the 
far field and the results are presented in Section IV. Secoon V 
contains the corresponding two-dimensional integral equations 
and representations for both transverse electric and transverse 
magnetic polai-izations. The derivation of the main results is 
presented in the Appendix. 


II. STATEMENT OF THE PROBLEM 

Tire geometry of the problem is shown in Fig. 1. The domain 
of interest is that exterior to an indented [Xirfectiy conducting 
plane. The plane is taken to coincide with ihe x-y plane 
in a Canesian coordinate system. The bounded indentation, 
denoted by D, has a boundary consisting of two parts: 5 which 
lies in the lower half space and cr, a portion of tiie i-y plane. 
Tlte entire plane consists of a and its unbounded complement 
cr''. In the scattering problem the boundary consists of S and 

We consider an incident electromagnetic field (E*"'^(r). 
H‘'’'(r)) originating in the upper half space, with the resuic- 
tion that no sources exist in the image of D or its boundary 
rno assume that ail field quantities have a harmonic time 
dtpenuencc. e"'**'. which is suppressed. Tlie subscript i on 
a veemr quantity indicates its image in the x-y plane, for 


example if tJr Cartesian components of E(r) are given by 

E(r) = (Ear),£,(r),£.-(r)) (2.1) 

then by Eli(r} «c mean 

E,(r)=:(E.(r),£,(r),-E,(r)) (2.2) 

Consistent wUi this notation we denote a position vector by 
r = (i, 9 , 2 )a«iiits image in tliez-y plane by = (x, y, - 2 ). 
Morcoverwedenote by Di and Si the images of D and 5 in x- 
y plane aai by £>/ that part of the upper half space excluding 
Di and Si. 

If the witititinn is absent, so that we are treating scattering 
by a peiiady conducting plane, then the total field may be 
found by Ac Bctbod of images to be 

E^'(r):=E-‘=(r)-Er(ri) 

H®(r) := ^”=( 2 ) -h nr(r,) ^ ^ 

Since (B"*(r). H*“'(r)) satisfy the homogeneous Maxwell 
equations 

V X E(r) = ijfcZH(r), V x H(r) = -i/:yE(r) (2.4) 

except at sonree points, if any, in the finite part of the plane, 
it is readily ossified that (E°(r), H*^(r)) also satisfy the 
horoogeneoss Maxwell equations except at source points and 
their images. Tbe quantities Z and y are respectively the 
free-space iapcdancc and admittance. Moreover when z = 0 

z X E*{r) = 0, z ■ E°(r) = 2z • E'“(r) (2.5) 

and 

ixH*(r) = 22 X z-H°(r) = 0. (2.6) 

Here z dcaases a unit vector in the z direction. 

The preseace of the indentation gives rise to fields in D as 
well as a scaaered field in the upper half space leading to the 
natural deooDposuion of tiie total fields 

E(r) = E°(r)-HE*(r) 

(2 7) 

H(r) = H°(r) + H'(r), z>0 

where (E*,H*) satisfy the Silver-Miillcr radiation condition 
for z > 0. A more precise statement of the scattering 
problem then is: for a prescribed (E'"',H“'') find (E, H) 
in the scaneri^ domain consisting of the indentation D, 
the upper half soace, and a .such that (E, H) and (E',H') 
satisfy Maxwdl's equations in D and the upper half space 
respectively wl d x E = 0 on and S or equivalently 

n,.E’=0 00 and nxE = 0 on 5. (2.8) 

In addition we require tliat -r |H|^)dv < oo where 

V is any bounded subset of the scanering domain. This finite 
energy coodinon ensures fulfillment of the edge condition at 
the inicrscoioo of 5 with die plane. Note that since a is in 
the scatteriog domain. E and H (and their derivatives) are 
continuous line. 

In this paper we present boundary integral equations over 
finite boundaries wtjosc solution gives rise ilirough a represen¬ 
tation theorem to the solution of the problem described above, 
which we refer 10 hereafter as ilie indenied screen probletn. 
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m. Main Results 

We define the fixe-spacc scalar Green’s function as 

giilr-r'l 

and introduce the Dirichlet and Neumann functions for the 
full plane 


G£,(r,r'):=<?(r,rO-C?(r,r;) (3.2) 

G^-(r,r'):=G(r,r')+<?(r,r;). (3.3) 

Here rj is the image of the point r' in the x-y plane and Gd 
and Gn satisfy the conditions 

G'£>(r,r') = ^<?N(r,r') = 0 for z = 0. (3.4) 


If{E. H) solve the scattering problem defined in Section //, 
then 

f J,(r)x VG(r,r')<ir 
J<T 

+ J 3 sir) X VG(r,r')<is = iH*(r'),z' > 0 (3.16) 
2ik J Jff(r) X VG(r,r 0 d <7 

+ Js(r) • r 2 (r, T')ds = ;/;H(r'),r' e D (3.17) 
^ Js(r) • Ei(r, r')d3 = iAH*(r'), r' € Dj 


(3.18) 


and 


^ J5(r) • V X i: 2 (r,r')ds = li^yE'W'.r' e Dj. (3. 


19) 


We also introduce three dyadic Gieen’s functions 

£(r,r') =ifcVx G(r,r')I (3.5) 

ri(r, r') = ifcV X [G^(r,^')^t + Gc(r,r') 2 zl (3.6) 

£ 2 ( 1 , r') = ikV X [G£,(r,r')£ + GN(r.r') 2 z] (3.7) 

where I is the identity dyad and £ is the transverse identity, 

£ = xx + yy. (3.8) 

We take V to opjentc on r and V' to operate on r'. These 
dyadics satisfy the foilowing distributional differential equa¬ 
tions 

V X V X E - = -ikV X <5(r, r')J (3.9) 

Vx VxEi-k^Ei^ -tkVx[5(r,r')I 

+ - 22)1 < 3 - 10 ) 

V X V X Ea - = -ikS/ 

x(<5(r,r')I-5(r,r()(E-zz)j (3.11) 


All four representations are derived in the Appendix. The 
first two, (3.16) and (3.17), show that the electromagnetic 
fields (E, H) may be represented everywhere in the scaoering 
domain in terms of J 5 on 5 and on < 7 . For these two 
current densities we can state the following. 

ITie current densities in (3.16) and (3.17) are solutions of 
the coupled pair of boundary integral equations 

J zx (Js(r) X VG(r,r')]d5 

= J,(r')-ij°(r'),r'€a (3.20) 

Ps(r)-£2(»’>r'))'i-s 
+ 2 J if X [Jff(r) X VG(r, r')]cicr 

= ij5(r'),r'e5 (3.21) 

where 

J“(r') = 2 'xH°(r'). (3.22) 


and the boundary conditions 

z X El = 111 z X V X E 2 = 0 for 2 = 0. (3.12) 

Now assume that (E, .H) satisfy the scattering problem defined 
in Section II. Let us introduce the electric current density 

J.S ;= a X H on S (3.13) 

where n points away from D and the auxiliary current density 

J(r := z X H on a. (3.14) 

Since S is a pan of the physical perfectly conducting boundary, 
Js is an actual current density but since a lies in the scattering 
domain and is not pan of the physical boundary, J<r is a 
fictitious electric current density. While it is useful to use 3„ 
in the analysis it is not essential as will be shown. Ncvertlielcss 
it is in terms of tliese two currents that we may represent tlie 
field according 10 the following representation theorem: 


Equation (3.20) can be considered as a definiuon of the 
fictitious current density J„ in terms of the real one, J 5 . Wc 
can use this definition in (3.21) to eliminate Jo. altogether and 
obtain the following. 

The electric current density Js In (3.16}-(3.19) is a solution 
of the boundary integral equation 

^J 5 {r') - u' X [(K o Js)(r')) = F(r'). r' € 5 (3.23) 

where 

F(r') := n' X j J°(r) x VG(r.r')dc7 (3.24) 

and 

(Ko3s){r')-.= ~l^3siT)-L2ir.v')d3 

4-2 y ds J da"{z X [3 s{t) X'vG{r.T")]} 
xV"G(i-",r') (3.25) 
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In (3.25), the integration variable on S is r, wliile the one 
on cr is r" and V" denotes the gradient with respect to r". The 
unknown current density can be extricated from the integral 
over a in (3.25), and we can make the following statement, 
alternative to the one above. 

The eleciric current density 3$ in (3.16)-(3.19) is a solution 
of the boundary integral equation 

i J 5 (r') - (L 0 J 5 )(r') = F(r'), r' € S (3.26) 
where F is defined in (3.24), and 


(L 0 Js)(r') ^ dsJs(r) • j r') x n' 


-2 j da"VG(r,r") : 
+ (n' xz)V'G(r",r') 


zxl 


aG(r".r^) 


dn' 


(3.27) 


Once the current density is known, the fields in D/ can 
be found using representations (3.18) and (3.19). In order to 
detertnme tlie fields in D and its image Di one must first 
find J<r from (3.20) and then use the representations (3.16) 
and (3.17) to find the scattered magnetic field in A and 
the total magnetic field in D, Additional, simpler looking 
representations for the fields may be obtained in terms of the 
fictitious magnetic current density 

Mff = z X E on a. (3.28) 


vhere IrJI = [r'l = r' and = r^/r'. Thus in the far field 
(for z' > 0 or 0 < 9' < ■k/2) 

H‘(r') J^{3s{r) • ' + f^e-'*^:-] x i 

+ Js(r) ■ [f'e~'*‘‘- f •e"*'''* ''] x zz}ds (4.4) 
or 

H^(r') x r' • [I. + zz] 

+ e-*‘’‘:''[J5(r) X f' - a, - zz]]}dj (4.5) 

This expression may be further simplified by noting that 

Js(r) X f' • [I, + zz] = Js(r) x f' (4.6) 

and 


Js(r) X f' • PL, - zz] = (Js(r) x f'); - -(Js).(r) x f' (4.7) 


where 


(Js)i(r) = J 5 (r) - 2Js(r) • zz. (4.8) 

Tlien (4.5) may be written as 


Two examples are 

2 / Ma(r) • V X = k^Z}i‘{r'), z' > 0 

J cr 

(3.29) 

2 ^ M,(r) • r(r, r')dc .= -ifcE‘(r'), z' > 0. (3.30) 

While these are initially appealing because of their simplicity, 
they involve the calculation of M,(r). Wliilc it is possible to 
express this quantity in terms of Js and J„, this calculation 
involves a number of additional integrations so that the sim¬ 
plicity gained in the representations of the field for z' > 0 is 
paid for by the additional work in finding M,,. 

TV. THE Far Field 

The far field is most easily determined using the represen¬ 
tation (3.18) which we repeat here in expanded form 

J 3s{t) • Vx[G.v(r, r')!* + Go(r,r') 2 z]ds 

= H'(r'),r'e A' (4.1) 

Recalling the definitions of the Greens functions, (3.2) and 
(3.3), and employing the standard asymptotic forms for large 
r' we see that 

'] + (4.2) 

the''”' / 1 \ 

VGd = '] (4.3) 


H*(r') = i^f'x^[(Js).(r)e-“':’^-Js(r)e-‘*''-)ds. 

^ (4.9) 

Note that the teim O(pJt) h^ been omitted from (4.4), (4.5) 
and (4.9). The electric far field is easily obtained from the 
relation 

E* = -2f'xH*. (4.10) 

It is observed that the far field is expressed entirely in terms 
of the current J .9 on the indentation 5. 

V. The 2D Case 

Both the integral representations and integral equations 
presented previously simplify greatly when it is assumed 
that the iiidenution is cylindrical and all field quantities 
are identical in planes perpendicular to the cylinder axis. 
Specifically, we assume that the z-axis is the symmetry axis, 
that the scattering surface consists of a curve 5 in the y-z 
plane and two semi-infinire lines on the y axis, that all field 
quantities are independent of x. and we define the Green's 
function to be 

G(r.r') =(5.1i 

where r = ;y, zl and r' = (y'. z'). The image r, of r is iy, z ' 
We then consider the following two cases. 
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•4. Transverse Magnetic Polarization: 

Here we assume that 

E‘«(r) = u‘“{r)x = z)x (5.2) 

E“(r) = u'^(r)x,u°(r) = it'“(r) - u'"'(ri) (5.3) 

E(r) =£ u(r)x,E*(r) s« u'(r)x. (5.4) 

Ttie boundary conditicai (2.9) then implies (hat u(r) s 0 on 
U 5. Using Maxwell's equatioas we find that 

H(r) = 4^^ri{T) X X. (5J) 

tkZ 

The surface cunmt densities become 

T 1 . _ , , 

J, = on X (5 


NI* “ uy on <T <5 ll 

The basic “curreai densit>'' is ^ on 5 whtk a and ^ oo 
the line segment a arc aujuliary "cuncu deasioet' Openibag 
with the curl on the rrpTrteniannni in (316) and ,3 IT), and 
taking into account (5 lV-<5.8). leads to the reprcsenuooos 

f 9 u'T' f 9u‘r ' 

2 / -^G(r.r ,do ^ 2 I r it 

J» .5 ^ 

■ -u* r i > 0 i5 9» 


The uixiliary unknown fj on a may' be eliminated yielding 
an integral equation of the second kind for the basic current 
density ^ on 5 




■K{r.r’)ds 
^u‘“*(r) gG(r. r') 


A'ir.r') = 


dGv(r.r') 


dn' 

dC(r".r'' . 

(L 

cfn' 


'■L 


da. t' £S 


dGlr'.t) 

dz 

T.T^S (5.16) 


-3 / 

J, az Js *1 


«■ uir r' e D 


We see that it is sufhoent lo v4%c (5.15) foe ^ oo 5 
Tbea u and ^ oo 9 may be found in a sequcacc frotn 
(S.9) asd i5.13>. Once all o4 these fuacooos are obuiacd. the 
tepofsenufsoo formulas <5 9)-i5 11) may be used todescsnuoc 
the held at any potui m the scanettag It should tK 

aotedi. bowc^tr. that d me far field is the quantity of interest 
ri may be desemuned tbraugh (5 1:) sotely in terns of ^ on 
5. the basK rurretu dmuiy. to b< 

u T ^ - Ml ■ I / —- t ^ - f ^ ' CJ 

2v2»*t'/s itn 

■^0{ • r - ■»: i5 !’) 


B Tmetsterte EUerru PrtAfizancm 
la !Su .rate asiamc i.*iai 

H* r » V r * - T - V • » 
H‘ r • *.' r X ; ’ r • i " t - 
Hr • r. t X H' I * •.' t X 


with the iniegratuxis being with respeci lo arc length Equation 
iS.9) may be rew-nnen ustag Green's theorttn in D and the 
fact that u = 0 on 5 at 


f dGir.r ' ^ 


i"r'. i' > 0 


which may alto be obtained dirtcrly frotn 1 3 30) Susoe the 
single lave distnbuuoo it cotxiDuous. i3 9i holds fe ; a C 
also. IS which case it defines u <w eqaivaletulv u*) or c m 
tenns of ^ on c w 5. Eqisaboe i3 19) bocoiues 


/ du-.t' 

Is ^ 


Go\t r'd* = Vi* r ft T’- 


in a g ree r a tn t with WiUm i20] TSt ntegru cquacioet i.^ rCi 
and ■ 3 r I! become 

(Ju r /■ ^if <fG r r i.*v‘ r 

- - /---61 —- r ► • * . • 

0: 5 (?n I’l 


. : 1 cKj-r r 

j / —,--— 

/, 

; >u r 


, i»v r i.^ % r r 


!4aswcu I e:)vasio«u dice unpi> 'jtat 


and die dnunhan rondiooe 2 Vi twcvxars 


The uefu-t .-um«i acesattet Duccenc 

.3» f- • ti • X ■*? c 5 131 

J, - :a . X NS - 5 :4 

.. 1 on 

M, - ~ ^ X * ? 5 25 

.«y 5: 

TSf nai«( . wf t t es orsw^v s i ^ ' ane ncaa rterv-wtsert 
.n icact t tm«eia4tuc s vcmi .e das hmdaaucnuu ^uuaciv 

'lAVm dWM tsptrssKVi Mx: .st'Fg the 2Z Own t faexiaM 

* » du ovadKi ' ?.^i ' srt 't;n e- ' ' a »c« •srmu.tt 


n, t t 

r - »” 
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^ f . ^dCir.T')^ f , ,aGD(r.r') , 

= v(r'l.r'e D. (5.27) 

Equation (5.26) may be rewritten using Green's theorem in D 
and the boundary condition (5 22) as 


'], dz 


Gi.T.r']d{7 - vV'r'i.i’ > 0. 


a result ulucfa may also be obtained directly from (3.20). Note 
that tbe coocnuity of the single layer ensures that (5 28) bolds 
when = j and hence, dns equanoo may be used to debne 
v* oo 7 in terms of ^ on cr. bouevo. u is preferable to use v 
on j and i as tbe beuc uakso^ns Equanon (5 28) represents 
r' for r > 0 m terms of ^ on 7 isbemas .5^i requires i 
on both f and o Equanoo <3 IS) however, yields 




■at =f t r .r t 


which re p re sent s i*. at >ast m in lerms of t only on 5 
The imcpai equatxms for t- on 0 and 7 are found from .3 22: 
and 3 23 m be 

/ (hJ r r . ^ 


/ T f. 

Jt ^ dn 


drC r r 
•r —"— 

oz 


3^'ruje 5 ’<) aisd 5 31' may be considered as a system of 
mtegni equabens for die rwo uuji&wn functions on 5 and 
on me auuisarv unanowr. *. on 7 may be eliminated 
vieiUing * Frenhoim tqi'aaon of the secotsd land for v on S: 


- / I t A r r 
. 5 


dt - 2 / 


cKJ-r. r ' 


do r e 5 


F'f-r • . / yt' 
On ' i, c 


c K7(r. r" 
cAi 


oG’> r r 


li :% cfear dial on o .s the basic current density. When it is 
■mown iben ■ 5 30i ituv be used to dehne v on o and once these 
qwaaones have been found, the representation formulas (5.26) 
and 5 :*'< may be uied m dehne i u*. the entire scattering 
aoenair: H:-wc’>er tbe far field may be determined solely in 
•erms . f • or ‘rorr. 5 25) i lo be 


VI. Conclusion 

In this pa{>;r we have derived new integral equations whose 
solution, used in conjunction with new integral lepresentanons 
also derived here, give the held scattered by an indenudon of 
arbitrary' shape in a perfectly conducting plane screen. Integral 
equations of the second Idnd for the unknown electric current 
density on the wall of tbe indentation are found and it is 
shown that tbe field everywhere m space may be leprescuted 
in lenns of this quantity. Addinocal representations involving 
fictitious electric and magoetic current densities on tbe plane 
interface between tbe indentation and firee space are presented. 
It is conjectured that, while alternative integral equations for 
these ficotious currents have exhibited the familiar problem of 
t>oo-*‘*‘:^ue tolvabihty at frequeaaes conespooding to cavity 
rcsonaDoes of the structure bounded by the mdeniation and the 
interface between the indentation and firee space, tbe equations 
presented here are uniquely solvable at all frequencies. The 
umplificanotu that result when tbe structure it cylindrical are 
presented for both tnnsverse elecTic and transverse magneuc 
polatuaoons Finally the far field representations in terms of 
integrals of tbe elcctnc current density only over the walls of 
tbe usdentanon are pven for the general 3D case as well as 
the 2D cases for both polznzanons 


Ai't'E.v.tilX 

Here we indicate how the integral representabont and 
equations of Section 01 are derived. The basic dyadic idenuty 
for this purpose is 

j^ y « (V X «) - a ■ ^ X 'v X ^dv 

= / u ■ 'a X (V X ^) + (V X a) X ^]da (A.l) 
Jb 

where a and A ve twice differentiable vector and dyadic 
valued functions, respectively, in V and a x (V x A) + (^ 
a) X A ii continuous in V \J B,V dcnuies a domain in IR- 
with boundaiy B and n denotes the unit normal on B directed 
away from V, This identity is found, for example, in [21]. 
1/ X(. f = 1.2.3 denote rectangular unit vectors (xj = x, 
X 2 = y. xj = i) we define the dyadics 

ik / (i'* ‘'“'■’I \ 

<=1,2.3. 

' (A.2) 

Identifying A with ^nd taking V to be the domain interior 
to B and exterior to a ball of small radius centered at r', the 
above identity can be used, letting the radius of the ball go 
to zero. lo obtain 

Theorem A.] /f V x V x a — fc’a = 0 in V, then 


j n - air) x (V x £'''(r.r')) - (V x a(r)) x r^‘'’(r. r')]<is 

= ikXfkt ■ V' X a(r').r' € V 
= 0.1 (A.3) 


■»here V' = V \J B. 

The denvauon of this theorem is a standard, though sensi¬ 
tive. process bui we note that both terms m the integral over 
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the boundary of the bail contribute, that is. if Bt(r') denotes 
the boundary of the ball of radius t and cet jtfr at then 

Um / n ax(VxCW(r.r'))dj 
ya.fr') 
tJc 

= -J^^t ■ V' X a(r'). r' e V' (A.4) 

and 

lim / n • (V X «(r)) x C^*>(r.r')dj 
•■““ya.fr ) 

2ik 

■ - N a(r'l. r' € V (A.5) 

u bere use is made of the expanuoo 

atr) a «ir': * (r - r') • ^'•(r') + 0(«^) (A,6) 

for r on 5,{r ). This ptoceu does not yield nssulu for r' € B 
since the Umii m (A.4j ejiisu only if the intecratioa is over 
the entile surface of the ball. Tbeotetn A.l resutins valid if 
V is unbounded proWded that a satisfies the SUver-MilUer 
tadiatioo coodlhoc 

^Um^r X V X *fr) i- t4r*(r) > 0 uiufonnly m f. (A. 7) 

We note that tbe dyadic Green's fiinctioa £(r.r') introduced 
in (3J) IS giseo by 

Kr.r') = r* (r.r') +r‘’(r.r') ^E<’>{r.r') (A.8) 

and, hence. fA.3) may be used to obtain 

I u ■ !a(r) X fV X £(r. r')) + (V x *(r)) x E(r. r'Dda 
J B 

» xkV X 4(r'), r' € V 
= 0. i V. (A.9) 

Identifyin); V with D, the j'rricxj of the scattering domain 
lying below the x-y plane in the indented screen problem, and 
a first with £ and then with H leads to 

Theorem .K.2 IfEandH satisfy Maxwell 's equations 
in D and a x E = 0 on 5 then 

I «xE(r)-V x£(r.r')da + il:Z / n x H(r) • £(r.r')da 

J*uS 

= 0. r' > 0 

= -A:’2H(r ), r' € i? (A.IO) 

and 

j Js “ ^ ^ ~ y “ E(f) • £(r.r')d<r 

= 0. r' > 0 

= i^yE(r'), r'€D (A.ll) 

where n = z on a. Observe that these representations involve 
not only the electric current densities on er and S bus also the 
magnetic current density" on a. To obtain representations for 
E* and H* when z' '> 0 we proceed as follows. 

By replacing z' by -z' in (A.3) we obtain 

I n • !a(r) x (T x r[)) + (V x a(r)) 

X = ikxixt • V' x a(r;),r; € K 

= 0 .r[^V (A. 12 ) 


wbeie and is the image of r' Li the 

x-y plane. We define the dyadics 

£j(r.r') = C'‘>(r.r')±£"(r.r:)4-£‘^’(r, r') 
±£‘”(r.r;)+E'>>(r.r'):?:E<>J(r.r:) 

= ifcV X ^G^r(r.^')xi + G^■(r.^)yy + Go(^,r')iz) 

(A.13) 

with G.v and Gp defined in (3.1H3.3). With these Atfinifinns 
it is sEraightforward to verify that the boundary conditions 
(3.12) are satisfied; that is. 

ix£, * 2 xVx£ 3=2 for .- = 0 (A.14) 

and moreover that 

a »(r) X r X £i(r, r') = 2 n • •(r) x x £(r,r')) 

for r a 0 (A. 15) 

and 


n ■ (V X «(r)) X £j(r. r') = 2n ■ (V x »(r)) x E{r.r') 


for r at 0. 


(A. 16) 


Using tbe definition of the dyadics £, and £3 et)uati(MU (A.3) 
and (A. 12) may be co tnhin ed to yield the representation 

y^a-;*ir)x (V x£,(r.r'))-t•^^ x a(n) x £,u.r')ld* 

= )kV‘ X «ir').r' e )‘,r; 0 V 
« sikfV; » air;;i,.r' € r; € V 
-O.r’fT.r; «r. (A.17) 


If we choose V to be the entire upper-half space, require 
that A satisfy the Silver—MUller radiation conditions is it and 
take into account the boundary conditions (A.14) satisfied by 
Uie dyadics. we see that (A.17) implies 



i • a(r) X f V X £, fr. t'))de 


ikV X atr').;' > 0 


** i*(V; X a(r;)),.r’ € D 


(A. 18) 

- / * • (V X «(r)) X Ejir. r)do a ikV‘ x a(r'). r' > 0 

» -iltf'C'l X a(r|);,.r’ € D 
(A. 19) 

In particular, choosing a to be E* in (A. 18) and H' in (A. 19) 
we find, since i x E = 0 on a‘, 

E(r) ■ V X r(r.r')d<T = k^ZW{r'),z‘ > 0 

= k^ZH>ir',),r' € D 


(A.20) 


2y^ z X E(r) -nr.r'ldo = -iX-E*(r'). j' > 0 
= tkE:ir[).r'eV. 

(A.2]) 




and 
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To obtain (A.20) and (A.21) we have used Maxwell’s equa¬ 
tions and the simplUicadons in (A.15) and (A.16). Note that 
we may write E or E* in the integrals since z x E° = 0 
on cr. This establishes the representations (3.29) and (3.30). 
Combining the representations (A.20) and (A.21) with those 
obtained earlier, (A. 10) and (A. 11), to eliminate the terms 
involving z x E we find that 

ikZ [ nx K(r) • r(r,r')<is = > 0 

JauS 2 

= -k^ZH{r') - YZHJCr'), r'e D {A.22) 
and 


I 


u X H(r) • V X i:(r,r')ds = > 0 

<ruS 2 

= l:^yE(r')-r'€ D. (A.23) 

Introducing the definition of £ and the currents J., =: z x H 
on a and Js = Q x H on 5 we obtain the first of two main 
representations which we state as 
Theorem A. 3 

If (E. H) solve the inderued screen problem, then 
^ J.(r) X VG{r.T‘)da+ j Js(r) x V<;(r, r')<i.i 

= jH'(r'),a'>0 

= H(r') + iH;(r;),r'€D 

(A.24) 

and 

^lJ.(r)'VVG(r.r') + l:*J,(r)C(r.r')]<i<r 

j '3s{i) ■ ^ k^Js{r)G{r.r)\de 

= -^E'(r).--' >0 

= -,iyE(r’) + i^E:(r;).r €19. 

(A.25) 

The first part of this theorem establishes the represenution 
(3.16). To obtain the second vital representation choose m to 
be E and V to be D in (A. 17) and successively take £ to be 
£^ and then £2 which then yields 

Theorem A.4 If (E iti) satisfy Maxwell’s equations 
in D and n x E = 0 on 5, then 

2 J [i x'Eir)) V x'£,{r.r')da + ikZ J n x H(r) • £, (r. r')dj 

= -it"ZH(r').r' 6 D 
= -fc=ZH.(r;),r; el? 

= 0. r' € D, (A.26) 

and 

2 / z X H(r) Kr.r'ldo- +- / ri x H(r) ■ Ljlr. r')da 
J, Js 

= tfeH(r'). r' € D 

= -tl:H,(r'),r[ € D 

= 0.T€Df. {A.:7) 


i9 

We recall that 19/ is the upper half space excluding the 
image of D and 5. In arriving at this theorem we have used 
the boundary conditions satisfied by £,£1 and £2 as well as 
(A.15) and (A.16) to simplify expressions containing Fj and 
£2 on cr. Using the definition of £ we see that (A.27) es¬ 
tablishes the representation (3.17). Additional represenutions 
may be obtained by choosing a to be H in (A. 17). 

Combining (A.20) witli (A.26) to eliminate the term involv¬ 
ing z x E on er leads to 

X H(r)). ri(r,r')da = H*(r'),r' £ 19/ 

= H*(r') + Hi(0,r',e-D 

= H(r')+H*(r'),r'€l? 

(A.28) 

thus establishing the representation (3.18). Taking the curl of 
both sides of (A.28) we obtain 

j ax H(r) • V x li 2 (r.r')ds = ife=yE*(r'),r' € Dj 

= Jk^yE'Cr') -it*yE,(r'),r( € D 
= k^YEir') - k^YE‘i{T'i),r' & D 

(A.29) 

which establishes (3.19). In carrying out the computation 
leading to (A.29) we used the facts that 


dGo _ 

dG D 

dGo _ 

dGo 

dGo _ 

dCs 

dx' 


dy' 

dy 

dz' 

dz 

and 






dCs _ 

dCs 

dCs _ 

dGs 

dGs _ 

dGo 

dx' 

~ dx ' 

dy' 

dy 

' dz' 

~ dz 






(A.30) 

to show that 






V' X 

l«-ri(r 

• r')] = A 

•Vx£3(r.r') 

(A.31) 


for any vector A constant with respect to the priir.ed variables. 

The right-hand sides of (A.28) and (A.2'') are not con¬ 
tinuous for on 5i, the unage of 5. Ho -ever, because of 
the singularities in £1 and £, the integtxiS on the left have 
jumps, not only when r' — 5 but also when r' — > S-. 
for then r( — 5. It is these jumps that allow us to derive 
the integral equations. The inieaial equations follow from a 
straightforward application of he following 

Theorem A.5 (MlTlei [22]) Let B denote the 
smooth boundary of a domain V and n point away from V’. 
If J is continuous on B then 

lim a X [ J(r) x VG(r.r')da 

r' —s* Jb 

= ^^J(ri —h'x J J(r) X VG(r.r')<la 

(A.32) 

where r' — B~ means r' — B from the exienor of V ana 
r' — B" means r' — B from the interior of V. 
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Applying this result to equation (A.24), letting a' —* 0 and 
recalling that for z‘ = 0 , 


z X B'Cr'l = z X H(r') - z x H°(r') = - J“(r'). 

(A.33) 


we obtain 


zxj Jff(r) X VG(r,r')<ii 7 

-f z X y" Js(r)' X VG(r,r')(is 

= J,(r')-ijV),r'€a. (A.34) 


But when r and r' are on a, then ^ = 0 and z • J,, = 
z • z X H = 0; hence, the integral over cr vanishes and we 
arrive at 


z X 


^ Js(r) X VG(r, r']ds = J,(r') - ^J°(r').r' 


e <7 
(A.35) 


whic' is equation (3.20). 

Finally we apply Theorem A.5 to (A.27) by letting r' —* S. 
Using the dehnidons of £, £ 3 , J„ and J 5 we may rewrite 
(A.27) as 


2 j J,(r) X VG(r.r')dtr + J Js(r) • V 

X (G(r.r')I-G(r,r')a-zz)lds 
= H(r'), r' € D. (A.36) 


The only singularity in the integial over 5 as r' — S is in 
the term 


Js(r) • V X G(r. r')I = Js(r) x VG(r. r') 
so that Tneorem A.5 applies directly yielding 

2ri'X j J»(r) X VGCr. r')do-+ ^ X J Js(r) ■ Il 2 (r. r')ds 

= ^J 5 (r'), r' € S (A.37) 

thtts esublishing the validity of (3.21). 
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Abstract 


KJcinman, R.E. end P.M. van den Berg. A modified gradient method for iwo>dimentional problems in 
tomography, Jouiuai of Computational end Applied Mathematics 42 (1992) 17-35. 


A method for reconstructing the complex index of refraction of a bounded cwo^imensional inhomogeneous 
object of lu>o«m geometric configuration trom measured scattered field dau is presented. This work is an 
extension of recent resulu on the direa scanering problem wherein the governing domain integral et^uation 
was solved itersiivety by a successive over-relaxaiion technique. The relaxation parameter was chosen to 
itiinimiTe the residual error at each step. Convergence of this process was established for indices of refraction 
much larger than required for convergence of the Bom approxinution. For the inverse problem the same 
technique is applied except in this case both the index of refraction and the field are unknown. Iterative 
solutions for both unknowns are postulated with two relaxation parameters at each step. They are determined 
by simultaneously minimizing the residual errors in satisfying the domain integral equation and matching the 
measured data. This procedure retains the nonlinear relation between the n > unknowns. Numerical results 
are presented for a ouniber of represenuiive twcMlimensional objects. 1 ne ortthm ts shown to be effective 
in cases where the iterative solution of the diren oroblem is rapidly conver,. nt. 
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1. Introduction 

In this paper we show how a novel iterative technique can be used to reconstruct complex 
indices of refraction of two-dimensional objects from measurements of the field (acoustic or 
electromagnetic) scattered when the objea is illuminated by known sources. The method is an 
extension of the ideas presented in [9,10]. Essentially the method involves casting the inverse 
problem as an optimization problem in which the cost functional consists of two terms, one is 
the defect in matching measured data with the field due to a particular index of refraction and 
the second is the state equation, an integral equation in which the index of refraction appears 
and which the field must satisfy. A modified gradient method is employed to solve the 
optimization problem. By modified gradient we mean that the update of the index of refraction 
takes place in the direction of the gradient of one term of the cost functional, while the update 
of the field involves a successive over-relaxation method. 

Successive over-relaxation is one of a number of iterative methods for solving operator 
equations which emerge as special cases of general technique based on least-square error 
minimization, see [7,11,22]. In a recent paper [8], the application of the over-relaxation method 
to the integral equation arising in scattering from an inhomogeneous object was presented. 
There it was shown that the iterative solution of the direct problem converged for much larger 
indices of refraction than those for which the Bom series converged. 

The Bora approximation or Bora scries is well known as a tool in attempts to solve inverse 
problems wherein one tries to determine an unknown index of refraction from measurements 
of a scattered field on some measurement surface exterior to the scattering object. ITie essence 
of this approach involves making an initial guess of the field in the object, the Bora 
approximation, then determining the index of refraction to minimize the discrepancy between 
the far field and the measured data, next solving ihe direct problem with this newly determined 
index of refraction in order to update th,:; neld in the objea and then determining a new index 
of refraction to minimize the discrepancy in the far field. This iterative process is continued 
until the defect in matching the measured data is reduced to an acceptable level. Essentially 
the updating involves a linearization of the highly nonlinear dependence of the field on the 
index of refraction. In general there are no rigorous convergence results but the scheme has 
proven to be of praaical utility, see e.g., [2.5,12.17.19]. 

Our approach, inspired by the success of the over-relaxation method in solving the direct 
problem, avoids the necessity of solving a direct problem at each step of the iteration. Instead 
the field update directions are chosen as in the successive over-relaxation method to be the 
residual error in the integral equation while the index update involves the gradient of the 
defect. This involves the introduction of two relaxation parameters which must be determined 
at each step. They are found by simultaneously minimizing the residual errors in the field 
equation and in matching the measured data. This procedure retains the nonlinear relation 
between the two unknowns. 

In the next section we introduce some notation, formulate the problem more precisely, and 
present a little more detail on previous approaches to the inverse problem. Section 3 presents a 
brief summary of the relevant over-relaxation results for the direct problem. The new algorithm 
for solving the inverse problem is given in Section 4 and the results of some numerical 
experiments using this algorithm in recovering the index of refi-action of a two-dimensional 
object arc presented in Section 5. These results are promising in that they successfully 
reconstruct indices of refraction of fairly general shape. 
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2. Notation aud problem statement 

Let D denote the interior of a bounded domain in with piecewise smooth boundary. A 
precise mathematical characterization of the assumed smoothness is given in [8]. Erect a 
Cartesian coordinate system with origin in D and denote points in as p - (jc^, y^) and 
9 ■= Vq)- The subscripts will be omitted when there is no danger of confusion. 

We assume that the penetrable inhomogeneous object D is irradiated successively by a 
number of known incident fields u*”, / = For each excitation, the direct scattering 

problem is modelled by the following transmission problem. For a given incident field 
determine u, in D and in ext D (exterior of D) sue*, that 




(1) 

[V^ + ^V(p)]u,(p)- 

0, almost everywhere in D, 

(2) 

[v2 + /:2]ur(p)“0, 

in ext D, 

(3) 

ondD, 


(4) 

3uf" du, 

onW, 

ov ov 


(5) 


- 0, uniformly in p - ;—:, (6) 

\P\ 

and u, and V«,. are continuous in D, but V-u, may not be if the complex index of refraction 
n{p) is discontinuous. Here is defined in and is analytic in D, k is assumed constant 
with Im(fc) > 0 and the complex index of refraction n{p) is piecewise Holder continuous in D. 
Fur ther 3/ 3v denotes the derivative in the outward direction normal to 9£>, and r!>= \p\ 
!= yx^+y^. 

Introduce the complex contrast x by 

• (7) 

Then the direct scattering problem may be reformulated as the domain integral equation 

Ui{p)^uf’^{p)+k^ jx{q)Ui{q)j{p, q) dv^, p e Z?, i = 1,..., 7, (8) 

where 

y{p,q)-‘^jiH^^\k\p-q\). (9) 

If u; solves (8), then the scattered field is obtained from the representation 

uf^(p) ~>k^f X( 9 )Ui(q) 7 ip, qj dt>q, p & ext D, / - 1,..., 7. (10) 

■'D 

Introduce the operator notation 

and 


lim 


—^ - ikuf 
dr ‘ 
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If X is restricted to lie in LJD) (which includes piecewise continuous functions), then (8), 
which is simply 




(13) 


may be considered as an equation for U;(p) e LHD) where the norm and inner product are 


ll«iIlo = |^l«,(p)l^ dy^J ’ 


(14) 


Assume that uf* is measured on some subset S ccxt D. S may be a surface enclosing D or 
a set of discrete points exterior to D. Define a norm and inner product on S by 


II II s “ I / I gi(p) I ^ , if 5 is a surface, 

f / \ 

"(Hi SiiPj) 1^1 . if -S consists of J discrete points pj, 

J (15) 

g:d)s " f gi.i{p)SiJ 2 ip) dj,, if 5 is a surface, 

■'s 

" L 8iAPj)iiAPj)y if * {pA~v 

J~i 

Denote by g,(p), p&S, the measured data for each excitation j, / “ 1,..., /, and introduce the 
operator notation (compare (11)) 


^(«,)Ar(;j)"fc^y^Ar(9)“i(?)r(;7. 9) dy,, peS; (16) 

in what follows it is convenient to distinguish between the operator as a mapping of to ^ 
and to 5, respectively. 

The profile inversion problem is that of finding x for given g,, or solving the equation 

K(_u.)X{p) “ sXp)^ p€5, i-1,...,/, (17) 

for X subject to the additional condition that u, and x satisfy (13) in D. The ill-posed nature of 
this problem is well known [3J. A frequent approach is to attempt to find x to minimize 

IUi~"'^(u,)A'll 5 - Since «,• depends on x through (13) in a highly nonlinear way, most 
attacks on this problem embody two principles: first a linearization of the nonlinear depen¬ 
dence and second a regularization of the optimization problem. The process is usually carried 
out iteratively in the following way: if u, is found, determine Xn by minimizing j II- 
-^(xi using some kind of regularization and update by solving the equation 

— uj”'. The starting value is usually taken to be «,_o “ «.*’*' (the Bom approximation). 
This essentially follows the idea of [16] and has been utilized in various forms by many 
investigators [18,24,25]. 

Our approach follows this same line of reasoning and incorporates the idea of [25] in using 
the state equation itself as the regularizcr. A novel feature of our approach is that we avoid 
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solving a forward problem (13) at each stej> of the iteration by generalizing the successive 
over-relaxation method [11,22] to solve the direct problem. This avoids the linearization implicit 
in other approaches [18,24,25]. 

Specifically we will seek «,■ and x simultaneously to minimize the functional 

I / 

z II Hi E II 8i - Hi 

+ -. (18) 

i:ii«riii zwitWs 

i- 1 i- 1 

Most approaches treat the regularizer as a penalty term with a coefficient which often must 
be taken to be very small. We choose to put the two terms in (18) on equal footing and 
normalize them in the sense that they are both equal to one when - 0, z »= 1,..., /. 

The iterative solution of the direct problem is summarized in the next section and provides 
the motivation of our choice of correction direction for the field in the inversion algorithm. 


3. The direct problem 


Details of a number of iterative procedures for solving the operator equation * uj"' 

are presented in [7,11,22]. For our problem of many excitations they consist of constructing 
sequences of functions {zz,_„}“_o and associated residuals for each i where 

.-f* 

In the stationary over-relaxation method the sequence of functions {utj is defined as follows 
for each i: 


ui o arbitrary, 1 > " > 

whereas the correspondirg successive over-relaxation algorithm is 
z^,.,o arbitrary, ^ ^ 

I 

Z/ —P — 1 

i- 1 

On --7-• 

E llL^^,r,-,„_Jli 

I-1 


( 20 ) 


( 21 ) 


The difference in the two methods lies in the relaxation parameter. In the stationary method 
there is a single, possibly complex, parameter a which must be chosen in some manner while in 
the successive over-relaxation method there is a new a„ at each step which is completely 
specified by the requirement that it be chosen to minimize Lf_i || r, ,, It should be noted 
that what we call stationary and successive over-relaxation methods are simple examples of 
what [13] calls generalized over-relaxation methods. These are operator analogues of Richard¬ 
son’s iterative method in matrix theory (see, c.g., [23, p.l41]) and are descent methods with 
fixed or variable relaxation parameters or direction coefficients (see, e.g., [6, pp. 61ff.]). 

For one excitation it was shown [8] that if Im(;^) > 0, Im(^) > 0 and x is piecewise Holder 
continuous on D, .then there exists an a such that (13) may be solved by the stationary 
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procedure. That is, for each i, the sequence generated by (20) converges in |1 • || o. to the 
solution of (13). No recipe for finding the best choice of a is available but numerical 
experiments showed that by choosing a to minimize || r,- j || 0 , which leads to the explicit choice 
“ “ lli» resulted in an iterative method with a wider range of conver¬ 

gence than the Bom series which is the stationary over-relaxation method with a = 1. 

While a convergence proof for the successive over-relaxation method is not available for the 
integral equation under consideration, numerical experiments indicate not only convergence, 
but also more rapid convergence than in the stationary case. In the stationary case it is shown 
[8] that it is always possible to choose a relaxation parameter so that the spectral radius of 
is less than one, so that the iteration converges. Numerical experiments [11] have 
shown that the successive over-relaxation method clearly converges for a range of contrasts 
where the Bom series diverges and converges faster than the Bom scries when the latter 
converges. 

The success of the successive over-relaxation method in the direct problem suggests the 
generalization to the inverse problem described in the next section. 


4. The inversion algorithm 

Here we propose an iterative inversion algorithm which incorporates the ideas of successive 
over-relaxation with the choice of relaxation parameters determined by minimizing residual 
error. Of course now there is an unknown function x and a vector function /=» 1,...,/, 
while two error terms are incorporated in the functional (18). This generalizes the results of 
[9,10] to multiple sources and higher dimension. 

Bearing in mind the fact that the data may consist of a discrete number of measurements 
from which the unique reconstruction of a completely arbitrary function would be impossible, 
we recast the problem somewhat. Introduce two families of linearly independent Unctions 
{<i,„(^), and {tpjip), pSS}/.,. Rather than to attempt to reconstruct x limit 

ourselves to reconstruct the projection of x on the linear span of 1 , an approach also 

used before [24]. Thus we assume 

M 

■^( 9 )" H ( 22 ) 

m - 1 

The choice of the functions <t>„ is somewhat arbitrary but with an eye toward an eventual 
convergence proof, not presented here, the families should be ultimately dense (as 

A/ -»5c) in the space in which the function x is sought. Funher, [<}>J should be piecewise 
Holder continuous on D in order to be consistent with the assumptions on x- In addition these 
functions should be chosen to incorporate any a priori information about x that is available. In 
the absence of any such information the may be chosen to be polynomials or finite-element 
functions. The choice of the functions tj/j is also arbitrary, although it would be convenient if 
they were mutually onhogonal on S. If the surface J is a circle or sphere, an obvious choice 
would be circular or spherical harmonics, in which case the expansion coefficients of the data 
would be (g,, In the event that the data arc available only at a discrete number of sample 
points, Pj, j— 1,...,/, a useful choice is iBjip) •= Sip — pj), in which case the inner product 
is„^j)s is interpreted,as the linear functional <g,, = g,(pp. 
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We propose to find tbe projection of x on the linear span p which minimizes the error 
in the projection of on the linear span of {)/<;,}/_ p In order to do this we express 

functions on S as vectors whose components are projections onto tffj. First define the 
coefficients in (22) as an M-component vector 

X2>‘“>XMf • ( 23 ) 

Next introduce this vector x into (It) with the definition 
M 

(24) 

and in addition 

(25) 

Now define /-component vectors from functions on S so that the measured data g^{p) becomes 
the data vector 


and in addition 

T 

^iu,)X^{(K(u,)X'<t>, >pj)s) , 

in which x' ^m- iXm^m- Define the residuals on D and on S as 

r,. = , Pi = gi - K^^^^x • 

We then propose the iterative construction of sequences {u, „} and as follows: 

^i.o * ATo “ (other starting choices may be made) 

^i./j “ ^i,n - i ^ ’ Xn Xn- i l^n^n > 


(26) 

(27) 

(28) 

(29) 


.inc 






Pi.n’^gi ^(ui^„)Xn 


where a„ and I3„ are in general complex constants which are chosen at each step to minimize 

'twPt.Ji .-. 

- + ^ -. (30) 


r 


l«riln 


(31) 


i-I i-l 

Here, the residual errors can recursively be written as 

Note that for each n, the vector Xn fins M components, while p,-„ and have J components 
so that by the norm and inner product on 5 are meant 

11^, 11/= E K^P'A;)SI^ 

i-l 

J _ (32) 

= E (<?.,!. 'I'i'isig.jy 

j-l 

Implicit in this definition is the assumption that the functions ipj are orthogonal on S. 
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In (29) the function d„, which is the updating direction for Xni has to be specified. Wc 
choose d„ to be the gradient of the error in matching the measured data at the previous, 
(n — l)st, step. Explicitly, treating x X 3* independent variables, we define the M-compo- 
nent complex-valued vector d„ to be 


a a a 

> ♦ • •» AM 


L II P. llil, "*«-i 


" 19^1 ^X2 i-i 

Carrying out the differentiation we find 

i ’ ^ 


I- 1 


i-1 

I 


where the vector is defined as 


(33) 


(34) 


(35) 


and the operator is defined in (16). 

The minimization of the quantity F„ of (30), using (31), leads to a nonlinear problem for the 
variables a„ and I3„ at each step, which we solve using the Flctcher-Reeves-Polak-Ribiere 
conjugate gradient method [14] to find values of a„ and which produce a (local) minimum. 
The starting values of a„ and are chosen to be equal to zero. Other solutions of this 
nonlinear algebraic equation have not been investigated. 

In the next section wc will demonstrate the performance of the present scheme for some 
representative examples. 


5. Numerical results 

In this section we present the results of a number of numerical examples. In these examples, 
the domain D is taken to be a square and this square is subdivided into subsquares of equal 
sizes. In fact, the domain D need not actually be a square. Other shapes can be achieved by 
choosing the contrast x to be zero over portions of the square and this is illustrated in our 
examples. Hence the inversion algorithm not only reconstructs the index of refraction, but also 
locates the scatterer within this square. The integrals in the operator expressions are replaced 
by a summation of the integrals over the subsquares. Over each subsquare the field function 
and the contrast function are assumed to be constant (the functions (i>„ are pulse functions). 
Consistent with this approximation, we replace the integration over each subsquare by a polar 
integration over a circular domain of equal surface area. Then, the integrations over the 
subdomains can be carried out analy^ically [15]. The operator expressions containing the L 
operator or the G operator have a convolution structure and they can then be computed very 
efficiently with a Fast Fourier Technique [21]. 
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The measurement domain 5 is taken to be a set of points Ip^} equally spaced on a circle 
circumscribing the square; so the inner products of a function u on 5 with dr, must be 
interpreted as 

(o, 

The sources u'^ will be taken to be line sources located at these same points (p^, so that in 
our examples / — /. 

For each configuration we first present convergence results for the direct problem using both 
the successive over-relaxation method and the Bom series. We shall compare the R.M.S. error 

II 

Erx,.-^?*- (36) 

£ II urn 

as a function of the number of iterations n. These results will be used to support the conje^'ture 
that effectiveness of the inversion algorithm depends on the rapidity of convergence of the 
over-relaxation method for the direa problem and not on the convergence of the Bom series. 

We then present the results of the inveision algorithm. The measured data were simulated 
by solving the direct scattering problem with a conjugate gradient method (CGFFT [21]) while 
imposing an error criterion with an R.M.S. error Eit„ < 10“*°. The reconstructed contrasts are 
presented pictorially, and in addition numerical convergence is shown by plotting the profile 
error 




llAT-ATn 11 

111+AT II 


and the R.M.S. error defined in (30). 


(37) 


Configuration / 


As first example we consider a square object with dimensions of A X A, where is 

the free-space wavelength. The contrast profile is given by 



where the origin of the coordinate system is at the center of the object. The object is subdivided 
into 19 X 19 subsquares. A surface plot of this profile over the discretized object domain is 
presented in Fig. 1. Note that the imaginary part of the complex profile is equal to zero. On a 
circle of diameter 2 A around the object we locate 10 (line) receivers at equally spaced points, 
v/hile the object is irradiated by a (line) source that is located successively at each receiver 
location, hence / 10. 

We first solve the direct problem for this configuration by using the successive over-relaxa¬ 
tion method of (21) and compare the convergence of this method with that of the Born series 
which is obtained from the stationary over-relaxation method (20) with a « 1. Tlie errors are 
plotted as a function of the number of iterations in Fig. 2. Although the Bom series still seems 
to converge, at a very slow rate, the successive over-relaxation method converges much faster. 










Fig. 1. The contrau profile for CoofigurMion t: the Fig. 1 The nunencAl convergence of Boro uriei and 

dimencions are A x A: the peak value of the contmi the lucceuive ovcr-relaeation method in the direct 

ill. prohlem for Configuration I. 


We secondly solve the inverse proolem. The numerical convergence of the profile error 
£rT(^ ) and the R.M.S. error is pioited in Fig. 3. It should be rentirked that in practice we 
are n'ever able to measure the profile error. This mtans that the error quantity is the only 
available measure of convergence. We observe that with as few as IS iterations the errors are 
decreased to values of about 1%. Some surface plots of the reconstructed profiles are 
presented in Fig. 4 for various values of n. the number of iterations. Coir.?arison with the 
original profile in Fig. 1 indicates the success of the reconstruaions. Note that the imaginary 
part of the complex profile function converges to zero as it should. Additional numerical 
experiments confirm that our inversion algorithm reconstructs smooth profiles very accurately 
as long as the successive over-relaxation method for solving the direct problem converges 
reasonably rapidly. 

Configuration 11 

As second example we consider an object with discontinuous profile. We assume that the 
object consists of two distinct square homogeneous objects contained inside a square domain 
with dimensions oi dxd. The two objects have diameter of approximately ^d and the distance 
between them is also ^d. The contrast or profile function in the larger square has step 
discontinuities; ;t'" 0 outside the objects and x “ 0-8 inside the objects. This example is 
equivalent to that in [1]. However, we use a finer discretization by subdividing the surrounding 
square into 29 X 29 subsquares. A surface plot of this profile over the discretized domain is 
presented in Fig. 7. Note that the imaginary part of the complex profile is again equal to zero. 
A circle of diameter 2d around the object is equally partitioned by J points. These points serve 
as receiver locations, while the object is irradiated by a source that is located successively at 
ea^ h receiver location, here / ■■ /. We consider three cases, viz. (i) J A and / -• / — 10, (ii) 
d-2k and 20, (iii) d — 3k and I “7-30. 

We fint solve the direct problem for this configuration by using the successive over-relaxa¬ 
tion method of (21) and compare the convergence of this method with that of the Bom series. 
The numerical results arc presented In Fig. 5. We observe that in the case of - 3A the Bom 
series diverges, while the successive over-relaxation method still converges rapidly. 
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Fig. 3. The numerical convergence of the profile recon- Fig. 4. Hie reconstructed profiles for Configuration I. 
smiaion for Configuratioa 1. 


We secondly solve the inverse problem. The numerical convergence of both the profile error 
) and the R.M.S. error are plotted in Fig. 6. We observe that for the case d/A - 1 
the profile error remains high as the number of iterations increases. This is also obvious from 
the surface plots of the reconstructed profiles shown in Fig. 8 for various values of n, the 
number of iterations. It appears that the wavelength of the incident waves is too large to 
resolve the discontinuities in the profile. Our scheme attempts to reconstruct a band-limited 
version of the real profile. This observation is in agreement with that of [18, p.310], which states 
that the expected resolution, using the Rayleigh criterion, is about half a wavelength. We have 
also perfoimcd an additional experiment with 30 transmit;.‘TS and 30 receivers (/ - J “ 30), but 
we did not obtain higher resolution. Therefore we have performed some more experiments with 
smaller wavelengths, viz. d/A - 2 and d/A = 3. The reconstructed profiles are presented in 
Figs. 9 and 10, respectively. We indeed see that for decreasing wavelengths a higher resolution 
is obtained; however, we observe a phenomenon similar to the Gibbs phenomenon in the 
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Fig. 5. The nuraericaJ convergence of Bom series >nd Fig. 6. The nuoserical convergence of the pr ofile recon- 
the successive over-relaxation method in the direct struction for Configuration II, for d/h -1,2 end 3. 
problem for Configuration II, for d/A - 1,2 and 3. 


approximation of a discontinuous function by band-limited functions: there occur oscillations 
near the discontinuities and they increase for smaller wavelengths and they accumulate close to 
the discontinuities. 'This confirms that our inversion algorithm is strictly band-limited and the 
resolution is determined by the wavelength of the incident waves. 

Data with noise 


For our latter example with d/k - 3 we investigate the influence of noiry data. We have 
added to the data a noise signal with maximum amplitude of 10% of the maximum amplitude 
of the data at all data points <•- I, 1,...,/. It is observed that this high noise level has 


only a minor influence on the reconstruction process. In Fig. 11 we observe that the profile 
error Err^^ > in the case of data with 10% noise behaves almost the same as that without noise, 
while the ft.M.S. error in the case of noisy data is at a vei'y high level (as it should be). 
Obviously, in the case of noisy data, the R.M.S. error py^ is not a realistic measure of 
convergence. In Fig. 12 the plots of the reconstructed profiles using noisy data are presented. 
Comparing Fig. 1.2 with Fig. 10, we observe the influence of the noise only after large number 
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Fig. 7. The conuut profile for Configuraiioi) II; the Fig. 0. The recontiructed profiles for Configuration 11, 
dimensions of the square domain are dxd', the peak when d - A. 

value of the contrast u 0.6. 


of iterations. Since the imaginary pare of the reconstructed profile has to vanish, the noise is 
clearly visible in the reconstructed imaginary part of the profile. We believe that the band-limited 
properties of our inversion scheme make the scheme very robust and not very sensitive to the 
presence of noise in the data. 

Configuration III 

As last example we consider an object that has a complex contrast with a nonzero imaginary 
part. We assume the profile function of the object to be defined-inside a square domain with 
dimensions of 3A X 3A, The profile distribution is given as follows: ins’de a square domain of 
about A X A the contrast is Xi “ outside this domain and inside a square domain of 

about 2A X 2A the contrast is — 0.3 0.4i; outside the latter domain the contrast vanishes, 

so that the scattering object is indeed smaller than the square with side 3A. 
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Fig. 9. The reco?isiructed profiles for Configuration II. 
when d 2A. 


Fig. 10. The reconstruaed profiles for Configuration 
II. when d - 3A. 
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The square is subdivided into 29 x 29 subsquares. On a circle of diameter 6A around the 
object 30 receivers are located at equally spaced points, while the object is irradiated by a 
source that is located successively at each receiver location, hence / -/ ” 30. 

As in the previous examples we Hrst solve the direct problem for this configuration by using 
the successive over-relaxation method of (21) and aimpare the convergence of this method with 
that of the Bom scries. The numerical results are presented in Fig. 13. We observe that the 
Bom scries diverges while the successive over-relaxation method converges rapidly. 

We secondly solve the inverse problem. The numerical convergence of the profile error 
Err(^_) and the R.M.S. 'error Fy^ is plotted in Fig. 14 (solid lines) and the reconstructed 
profiles arc given in Fig. 15. A few hundred iterations are needed for reasonable reconstruc¬ 
tions. Again it appears that the algorithm tends to reconstruct a band-limited profile, because 
the profile error remains at a much higher level than the R.M.S. error. 
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Fig. 11. The numerical convergence of the proHie re- 
oonscrucdon for Configuration II, when - 3A, from 
data with 10% noise and without noise, respectively. 



n m 1 



n «> 



n ■ 64 

Fig. 12. The reconstructed profiles for Configuration 
II, when d • 3A, from data with 10% noise. 



Band-limited profile 


In order to investigate the phenomenon of band-limitation, we approximate the original 
profile by a finite Fourier series 


AT**”’ 


7 7 


E E AT/* cos 

y-o *-o 



(39) 


where the origin of the coordinate system is at the center of the object. The Fourier coefficients 
X,ic arc easily determined from the original discontinuous profile shown in Fig. 15. This new 
profile is taken to be a new oiiginal profile and is shown’ in Fig. 16. Note that this band-limited 
profile closely resembles the reconstructed profile of Fig. 15 (n*512). Subsequently, we 
simulated measured data by solving the forv arri problem for this given band-limited profile. 
With these data we use our inversion algorithm to reconstruct this profile. The numerical 
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Fij. 13. The numerical convergence of Bom series and Fig. 14. The numerical convergence of the profile re> 
the successive over-relaxation method la the direct construction for Configuration III. 

problem for Configuration III (discontinuous profile). 


convergence of the errors arc given in Fig. 14 (dotted lines). We observe that the R.M.S. error 
in the reconstruction of the original discontinuous profile is very close to that of the 
band-limited profile, but the profile error in the reconsmicted band-limited profile 

decreases at a much larger rate. The surface plots of the reconstructed profiles for this 
band-limited case are presented in Fig. 16. fbmparing Figs. 15 and 16 we see that the 
reconstructed profiles are very similar, lliis supports the assertion that our inversion scheme 
reconstructs band-limited approximations of the actual profiles. 


6. Conciusioas 

In [9,10] we proposed a new iterative scheme to reconstruct tlie constitutive parameters of a 
bounded inhomogeneous object from scattering data. The scheme involved the simultaneous 
minimization of the error in both the object domain and the measurement domain in an 
iterative way. The method was formulated and tested in one-dimensional problems, scattering 
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n = 128 






n « 8 n m 512 

Fig. 15. The reconstructed profiles for Configuration III (discontinuous profile) 



by a slab at a single frequency, in which the available data are severely limited (back and 
forward scattering). This limitation on the number of data points essentially restricted the class 
of profiles we were able to reconstruct to constant and linear varying indices of refraction. 

In the present paper we have extended the algorithm to two dimensions where the number 
of data points which might be utilized is greatly increased, even at a fixed frequency, by varying 
source and receiver location. The essential features of the algorithm are retained. It is still 
based on a successive over-relaxation method for solving the direct problem coupled with a 
gradient scheme for minimizing the error in matching measured data. While the algorithm is 
more complicated in that a number of different forward problems corresponding to a number 
of different incident waves are included, the essential features are the same. It still avoids the 
need for solving any forward problems at any stage of the iteration, instead the accuracy of the 
reconstructed contrast and the associated field are increased gradually. A number of numerical 
examples have been presented which indicate that the algorithm is very effective in reconstruct¬ 
ing complex-valued spatially varying contrasts in cases where the successive over-relaxation 
method produces rapidly convergent solutions of the direct problem. The fact that the success 
of the reconstruction depends on .successive over-relaxation rather than convergence of the 
Bom scries means that it is applicable to a wider lange of contrasts and frequencies than other 
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n « 8 n - 512 

Fig. 16. The reconstructed profiles for Configuration III (band-liiniicd profile). 


Born-based inversion methods. The limits on the magnitude of the contrast that can be 
reconstructed using this method arc still to be explored. Wc expect that a necessary but not 
sufficient constraint on the contrast is that the successive over-relaxation method must 
effectively solve the forward or direct problem. However, if a more sophisticated forward solver 
were incorporated into the algorithm, then even wider ranges contrasts and frequencies could 
be accommodated, see e.g., [4], This is one item for future research. Another way to possibly 
enhance the effectiveness of the method is to build into the scheme the distorted Bom iterative 
method [1,20], but this has yet to be done. 

The numerical examples support the contention that spatial variations mucli less than a 
wavelength cannot be resolved. Moreover, the way in which the algorithm is constructed, it 
attempts to reconstruct not the profile itself, but a projection of the profile onto a finite-dimen¬ 
sional space. This effectively imposes a band-limitation on the reconstructed profiles, which is 
confirmed by the numerical examples. 

While we have indicated a number of limitations and possible avenues for future work, the 
method as it stands appears to constitute an effective tool for profile reconstmetion. 
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A method for reconstructing the complex index of refraction of a bounded inhomogeneous object 
from measured scattered field data is presetited. The index and the unknown fields within the object 
are simultaneously reconstructed in an iterative algoriiltnt. The method is a refinement of earlier 
work which incorporates a more effective way to update the unknowns at each stage of the iteration' 
Considerable efficiency in the algorithm is achieved. Some numerical examples are given indicating 
the limits on the contrasts which can be reconstructed. ihniu show that the range of contrasu 
that may be reconstructed is extended over that achievable witlt tiie earlier work. 


INTRODUCTION 

In previous work [Kleinman and Van den Berg, 
1992] we presented a novel method for solving the 
inverse scattering problem of reconstructing the 
index of refraction of an unknown scatterer from a 
knowledge of the field scattered when the object is 
illuminated successively by a number of different 
excitations. The method was inspired by the suc¬ 
cess of iterative solutions of the direct scattering 
problem, and indeed, these iterative methods 
played a crucial role in the inversion algorithm. The 
method consists of casting the inverse problem as 
an optimization problem in which the cost func¬ 
tional is the sum of two terms; one is the defect in 
maiching measured held data with the held scat¬ 
tered by a body with a particular index of refrac¬ 
tion, and the second is the <MTor in satisfying the 
equations of state, a system of integral equations for 
the held due to each excitation. The index and the 
helds are updated by a linear iterative method in 
which the updating directions are weighted by pa¬ 
rameters which are determined by minimizing the 
cost functional. A variety of choices for the updat¬ 
ing direction exists, and a relatively simple one has 
been made by Kleinman and Van den Berg [1992] 
which sufficed to enable some remarkable recon- 
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structiok.s. In tlte present paper we describe a more 
sophisticated choice of updating directions which 
results in a much more efficient algorithm, with an 
iteration count reduced by approximately a factor 
of 4. With this mom advanced algorithm we analyze 
the limits of recunstructibility in terms of both 
object size and the magnitude of refraction index in 
some two-dimensional examples, and the res’^' s of 
this analysis are presented. Roughly, the upper limit 
of reconstructibility is found to be 
where k is the wavenumber, d is the object diameter 
and |;tniaxl maximum absolute value of the 

contrast x- Iti terms of the index of refraction n, 

- 1. This problem of reconstruction of the index 
of refraction ha.s been attached by a number of 
different methods. The most notable numerical re¬ 
sults are given by Chew and Wang [1990] and 
Colton and Monk [1992] for real refractive index, 
and by Joachimowicz et al. [1991] and Habashy et 
al. [1^2] for complex refractive index. Additional 
references are given by Kleinman and Van den 
Berg [1992]. Uniqueness for the problem of recon¬ 
structing the index of refraction from scattered field 
data has been proven by Isakov [1990] if the scat¬ 
tered field is known in ail dir ections for plane wave 
incidence from all directions at a single frequency, a 
situation which is approximated in the present case. 

In tltis paper we will briefly review our inversion 
algorithm and refer the reader to Kleinman and Van 
den Berg [1992] for more details. Major emphasis 
will be placed upon the new choice of update 
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directions and numerical experiments that probe 
the limits of applicability of the algorithm. 

DESCRIPTION OF THE TWO-DIMENSIONAL PROBLEM 

Assume that a two-dimensional inhomogeneous 
obstacle D is irradiated successively by a number of 
known incident fields / = 1, • • ♦, /. For each 
excitation the direct scattering problem may be 
reformulated as the domain ititegral equation: 

“ “.(p) - GflAr«i-^p) = p e D. (1) 

where 

c?(p. q);f(q)«/(q) peu. (2) 

and 

G(p. q)-7/f^''(%-ql). (3) 

4 

Here u; is the total field corresponding to the 
incident field uf^, k is the wavenumber, x is the 
complex contrast Cf = n* - 1, where n is the index 
of refraction), and p and q are position vectors. G(p. 
q) is the ffce-spacc Green's function in two dimen¬ 
sions. The inversion algorithm holds equally well in 
three dimensions with appropriate choice of G(p, 
q). Go is an operator mapping L^(,D) (square inte- 
grable functions in D) into itself. If 5 is a surface 
enclosing Z>, then the scattered field on S is 
given by GsX^h where Gj is the same operator 
defined in (2), except the field point p nov/ lies on S. 
Hence Gs is an operator mapping Lr{D) into L}{S ). 
We assume that is measured on 5 and denote 
by ^/(p), p ^ S, the measured data for each excita¬ 
tion j, / = 1, • • •, /. The profile inversion problem is 
that of finding ;^for given/, or sob'ing the equations 

GsX>*i\?) p S O, / “ 1, • • • . /, (4) 

for x^ subject to the additional condition that Uj and 
X satisfy (1) in Z) for each i. Thus there are two error 
measurements involved; the first is the defect in 
matching the measured data in L 2 (S)\ namely, 

Fsj = lie- - G5 a:«;1I| (5) 

and the second is the error in the state equation in 
L;(T>) 


Fo.i “ (6) 

where the subscripts S and D are included in the 
norm ||• |i, and later the inner product (-,•) in L' 
indicates the domain of integration. Rather than 
seek X to minimize the data error subject to the state 
error as a constraint, we combine these two error 
measurements into one normalized cost functional; 

; / 

1-1 I-1 

(7) 

where 

If the data / originate from an actual scattering 
problem, then there exists x in for 

which F vanishes. In practice, we approximate x 
and Uj in subspaces of L^{D), and hence the guiding 
principle is to seek j^’and Uj simultaneously in a way 
which minimizes F. 

INVERSION algorithm 

The basic idea underlying the inversion algorithm 
is to incorporate the ideas of a gradient type of 
algorithm to iteratively solve the direct scattering 
problem together with a similar algorithm for solv¬ 
ing the iD-posed inverse problem. Specifically, we 
propose tlie iterative construction of sequences 
and {x„} as follows: 

«f,/i * “(./i-i Onv,-.,, xn “ Xn-\ ■*- 

n=1.2---. (9) 

The functions v/.„ and d„ are update directions for 
the functions Uj„ and Xn^ respectively, while the 
parameters and arc weights to be determined. 
The residual errors at each step in the state equation 
and data equation me defined as 

n.n •= - ■f-U.)"/•<.. Pi.n ^fi - CsXnUiM. (10) 

and the value of the cost functional at the nth step is 

I I 

Fn = M'o 2 ‘Vs 2 llPi'.nlli- 

I-1 


(11) 
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Following Kleinman and Van den Berg, [1992] the 
values of the parameters a„ and are determined 
by requiring F„ to be a minimum. This leads to two 
nonlinear complexly valued algebraic equations 
which we write implicitly as 

/ 

1-1 

1 

~ W, <p,>, Gs;ir„_lU/.n + PnGsd„Vi,n)s “ d. ( 12 ) 
i-I 

; 

H>n (>‘l,ntGDd„Ui,„.\ + 

J-1 

/ 

- W, <Pi,„, GsdnUi,„-i + a„Gsd„Vt,n)5 ” 0, (13) 

1-1 

where the residuals satisfy the recursive relations 

rij, = ^iji-i - + ^nGDd„n!,„-i 

* 0‘n^nOtidnVi.n< ( 1 '^) 


p,- (5 = The update direction for the field was 
directly adapted from the successive ovcrrclaxation 
method for solving the direct problem with known 
contrast [Kleinman and Van den Berg, 1991] to be 
Vin — and the update direction for the 

contrast was chosen to be the gradient of the error 
in the measured data at the previous, (n — l)st, 
step. In the present work we refine these choices 
considerably. As the result of many numerical ex¬ 
periments it was found that substantial advantage 
could be gained by first reconstructing a best pos¬ 
sible constant contrast, even when the contrast in 
reality was variable. Thus the algorithm was split 
into two stages, or more precisely, the algontlm 
was run twice, first to determine the constoiit;^’”*^, 
using = I, and the associated fields then 

using these initial values in the algorithm to obtain 
the final values of Xn -nd w;.„. The update directions 
were ci,r>sen in different ways depending on how 
rapidly corrections were occurring, the idea being 
that simpler directions should be used when possi¬ 
ble. This resulted in significant reductions in com¬ 
putational time. 

Specifically, we proceed as follows. Define the 
normalized change in the field by 


PIj, ”• Pi.n-1 ~ - finGsd„Ui^-i 


- OnlinGsd^Vij,. 


f /I = X 11“'.'' ~ “■>-! Ilo X 11“'.'’-! Ilo 


Substitution of these expressions in (12) and (13) 
results in two equations involving terms determined 
at the (n - l)st step, the directions d„ and and 
the two parameters a„ and /3„. Once the directions 
d„ and are chosen, we have nonlinear algebraic 
equations in a„ and /3„, and the solution of these 
equations is accomplished using the Fletcher- 
Reevcs-Polak-Ribi6rc conjugate gradient method 
[Fress er a/., 1986]. The starting value for a„ is 
obtained by taking /3„ = 0 and minimizing F„, while 
the starting value for /3„ is found by setting a„ ■= 0 
and again minimizing F'n- This procedure retains the 
nonlinear character of the problem at each step in 
contrast with other iterative treatments that linear¬ 
ize the problem at every stage [e.g., Roger, 1981]. 
The essential ingredients remaining ate the initial 
choices and the update directions. 

INITIAL GUESS AND CORRECTION DIRECTIONS 

In our previous treatment of this problem [Klein¬ 
man and Van den Berg, 1992] we chose ;to ~ ^ and 


To determine the initial values, we set an arbitrary 
switching criterion £ and run the algorithm of (9) 
with “ O' ® = U and = 

until £„_i < £, then switch the definition of 

^i,n to 



(18) 

where the overbar denotes complex conjugate, and 
Gs is a map from L~{S) to L^{D). The choice of the 
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direction in (17) and (18) is the Polak-Ribifere 
conjugate gradient direction [Brodlie, 1977], assum¬ 
ing the contrast does not change. Continue this 
algorithm until we again achieve c„_i < c. The 
resulting values are taken as and At 

each step the constants a„ and are determined as 
described above. In our computations we choose 
c » 0.01; however, this is arbitrary, and other 
choices could be made. No attempt was made to 
find the optimal e, one that minimizes the numbei of 
iterations. 

With these initial choices we run the algorithm of 
(9) with as in (17) and (18), and is taken in 
one of the two ways: if £„-t S: s, then d„ is taken to 
be the gradient direction assuming that the fields do 
not change; that is. 


; 

“ “Wo 2 
(-1 


/•I 

(19) 


whereas if < e, we use the Polak-Ribiire 
conjugate gradient direction [Brodlie, 1977] 




‘gi+yid„.i 


y« = 


(ffi ai-ai-i)D 


\\aU 


( 20 ) 


Continue the iteration until either F„ meets a preset 
error criterion or ceases to change. In all examples 
considered we were able to drive the normalized 
ciTor Fn below 1.5% before it ceased changing with 
further iterations. 

It should be pointed out that the choice of the 
update directions described here is geared to 
achieving reconstructions for high contrasts. When 
the contrast is low, not only is it unnecessary to use 
tire sophisticated update directions for the held 
given by (17) and (18), it i actually beneficial to use 
the simpler update direction of the successive over- 
relaxation method for solving the direct problem. 
The update directions for the contrasts, however, 
should still be chosen as in (19) and (20). An 
explanation for this behavior is that for low con¬ 
trasts the first few iterations in the successive 
overrelaxation method for solving the field equation 
converges faster than the corresponding number of 
iterations in the coiy'ugate gradient method. Thus 
for low contrasts, corrections in the field based on 
the overrelaxation method are preferable to those 
based on the conjugate gradient methods. What 
constitutes a “low” contrast is determined by (he 


rapidity of convergence of the overrelaxation 
method for solving the direct problem. In the in¬ 
verse problem, such information may not be avail¬ 
able, in which case, tests may have to be run using 
both choices for the field updates. 

NUMERICAL EXAMPLES 

In actual numerical examples a discrete form of 
the algorithm was used. In these examples it was 
assumed that the unknown scatterer was located 
entirely within a test square of known dimension, 
although knowledge of the precise location witliin 
the test square was not assumed. This test square 
was partitioned into J^' equal-sized subsquares, and 
the integrals over the domain D in the algorithm 
were all carried over this test square. The position 
of Uie actual scatterer is determined as the support 
(nonzero values) of the reconstructed contrast. The 
domain integrals were approximated by assuming 
that the contrast and fields were constant on sub- 
squares. The resulting integrals over subsquares 
were approximated by integrals over circles of 
equal area, which were calculated analytically 
[Richmond, 1965]. The discrete spatial convolu¬ 
tions of the Gjd operatorii were computed using fast 
Fourier ttansform routines [Van den Berg, 1984]. 

The measurement surface S was chosen to be a 
circle containing the test domain. The incident 
fields were chosen to be line sources parallel to the 
axis of the scatterer considered as a cylinder in 
These sources were taken to be equally spaced on 
the measurement circle, and the source locations 
were also chosen as discretization points on the 
circle. All integrals on 5 were approximated by 
point collocation at the discretization points, that is, 
the rectangular rule with the integrand evaluated at 
the end point. The measured data were simulated 
by solving the direct scattering problem with a 
conjugate gradient method [Van den Berg, 1984]. 
The forward solver was run until a residual error 
criteria of 10“'° was met; that is, n was taken large 
enough so tljat 2/-i llr/,„|l < 10This inver¬ 
sion method is illustrated in a number of examples. 

In the fir Jt two examples the test square was d « 
3A on a side and was divided into 29 x 29 sub¬ 
squares U * 29). The measurement surface was a 
circle of radius 3A. There were 30 measurement 
stations equally spaced on t^c circle, each of which 
sen'ed in turn as the location of a line source (/ = 
30). 
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Fm - 0 . 00 < 

Fig. I. Reconsmiciion of complex conntt. 


la the first example the actual profile was iuho- 
mo^eneous and complex, consisting of a square of 
dimension A x A with contrast - 0.6 + 2i, 
surrounded by a larger square, 2A x 2A with con- 
tiast “ 0.3 + 0.4/. Outside of this square the 
contrast was zero, so that the scattering object was 
smaller than the test square. The actual profile is 
show'i in Figure I. This example was also treated 
by Kleinman and Van den Berg [1992], who used 


the earlier approach. Here we use the algorithm 
described in the present paper. A constant 
was first found using d„ =* 1 until e, < 0.01. Then, 
the Polak-Ribiire directions (19) and (20) were 
employed. The field update directions were always 
chosen to be those of tne successive overrelaxation 
method, vi^„ -> as the contrast was suffi¬ 

ciently low so that the Polak-Ribi6re directions (17) 
and (18) were hot needed. The results of the recon- 














FOR PROFILE INVERSION 


IIQUE 


;ia<l profile 


n-1 


11-2 


nmi 


n — 8 

k S.OJl. tB field 


n 111 


n-92 
letiat caeuut 


n-64 


FI ^ 128 


’ ud Xhk '■ 1:30 lUiiou. 


I the new definition of the update 
the contrast resulted in a savings of 
a factor of 4 in iterations, 
nd example we considered a higher 
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values of test square dimension d and Xm»x ^cre 
tested: (l)d=* 3A, Xm»x - I.(2)d = A, * 3, and 
(3) d = 0.3A, Moreover, the number of 

source and receiver stations was reduced to 20 ,1 * 
20. For each case the full method was employed 
using a switching criterion of £ ■= 0.01. The results 
after 128 iterations are shown in Figure 3. They 
show that the loss of data causes most instability at 
the shorter wavelengths, whereas spatial resolution 
diminishes at longer wavelengths. In obtaining the 
results in Figure 2 with 30 stations and those of 
Figure 3 for d = 3A, = 1, it was found that 56 

iterations were needed to obtain the initial guess for 
the case with 20 stations, while 38 were needed with 
30 stations. Moreover, the values of the functional 
in (11), which was to be minimized were Fm “ 
0.013 for / *> 20 and Fi 2 g = 0.002 for / * 30, almost 
a factor of 10 smaller. 


Fig. 3. Reconstruction of real contrast: limiting cases of 
kdxmjo. “ 20 stations. 


maximum contrast so that the Polak-Ribi6re direc¬ 
tions were used in both field and contrast updates. 
The actual profile was sinusoidal in both x and y, 
X ~ sin {mdd) sin {iryld) for 0 < x, y < d =■ 3A, so 
that MA'nuul “ actual profile and the 

reconstruction are shown in Figure 2. We start with 
the simplest scheme in which wc use the field 
update directions of the successive overrelaxation 
method (SOR in Figure 2) and the 

constant contrast update directions d„ = 1. As 
shown in Figure 2, this simplest scheme was used 
until /I “ 8. Then with a switching criterion of e = 
0.01 the Polak-Ribifirc directions were used only for 
the field updates until n ^ 12 after which they were 
used to update both field and contrast. The original 
contrast was well constructed after 128 iterations at 
which point the cost functional had a value of 
“ 0.002. Experiments with higher values of 
uidicated tliai the algorithm failed to reliabiy recon- 
struct the profile. 

Additional examples were investigated to deter¬ 
mine how object size and Ia'uuxI individually influ- 
ence the reconstruction, as the amount of data 
diminishes. In these examples the test square was 
still divided into 29 x 29 subsquares, the profile was 
still sinusoidal, with x - A'nm (-rrxld) sin {tryld), 
and ^ However, three different pairs of 


CONCLUSIONS 

An iterative method for complex profile recon¬ 
struction has been considerably refined to achieve 
significantly greater efficiency. These refinements 
have been described, and the linuts of the new 
algoritlmi have been tested. The method combines 
the features of successive overreiaxation, gradient, 
and cot\jugate gradient methods to minimize a func¬ 
tional consisting of normalized errors in satisfying 
the field equation and the error in matching the 
measured data. The field equation serves as the 
regularizer for the ill-posed problem finding a func¬ 
tion in L 2 (D) to minimize the error in solving (4). 
The nonlinear optimization problem is not linear¬ 
ized: however, the two components of the func¬ 
tional in (7) are treaied somewhat separately. The 
algorithm was constructed to delay large changes in 
the contrast until the field was somewhat stable. 
This was the motivation for the separate treatment 
of the initial guesses as well as the subsequent 
switching in the algorithm based on the magnitude 
of the change in consecutive approximations of the 
field. The numerical results presented here, as 
well as additional experiments indicate that the 
algorithm successfully reconstructs complex con¬ 
trasts for s Stt. To achieve reconstructions 

for large values of low-frcqucncy measure¬ 

ments will not suffice to give reasonable resolution. 
Further work is directed toward extending the 
method to include measurements at more than one 
frequency to accommodate larger contrasts. The 
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algorithm appears to be stable with respect to noise. 
We checked the effect of introducing random noise 
eqiial to 10% of the maximum value of the data. The 
algorithm was run, and at each iteration the real and 
imaginary parts of the contrast were set equal to 
zero if negative values were obtained. The recon¬ 
structed profiles displayed a noisy distortion 
roughly equivalent to the magnitude cf the noise. 
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Abstract. A method for reconstructing the location and the shape of a bounded 
impenetrable object from measured scattered field data is presented. The algorithm is, 
m principle, the same as that used for reconstructing the conductivity of a penetrable 
object and uses the fact that for high conductivity the skin depth of the scattcrer is 
small, in which case the only meaningful infonnation produced by the algorithm is the 
boundary of the scattercr. A striking increase in efficiency is achieved by incorporating 
into the algorithm the fact that for large conductivity the contrast is dominated by a 
large positive imaginai 7 part. This fact, together with the knowledge that the scattercr 
is constrained in some test domain, constitute the only a priori infonnation about the 
scattercr that is used. There are no other implicit assumptions about the location, 
connectivity, convexity, or boundary conditions. Some re£nemcnts of the algorithm 
which reduce the number of points at which the unknown function is updated are 
incorporated to further increase efficiency. Results of a number of numerical examples 
are presented which demoustrate the effectiveness of the location and shape 
reconstruction algorithm. 


Introduction 

Among the many inverse problems of curreut 
mterest there are two general classes of primary 
coucem in acoustics: electromagnetics and seis- 
mics. One class involves the determination of tlic 
constitutive parameters of a penetrable scatterer 
(e.g., local sound speed, index of refraction, con¬ 
ductivity), while the second class is concerned with 
determining the shape of the boundary of an impen¬ 
etrable scattercr. In both cases the location and 
orientation of the scattercr is also of interest. The 
data from which these reconstructions are at¬ 
tempted consist of a knowledge of how the object 
perturbs known exciting fields at points exterior to 
the object. When the exciting field is one or more 
incident waves it is standard to use a knowledge of 
whether the object is penetrable or impciieirabic as 
a priori infonnation in designing reconstruction 
algorithms. Even whr.u the methods stem from the 
same mathematical approach such as the use of 
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complete families [Ansell c: at., 1986, 1989] or 
Herglotz wave functions [C'o//on and Monk, 1987; 
Colton and Kress, 1992], the algorithms specifically 
bcorporate information as to whether the scattering 
object is penetiable or not. 

The present paper describes a method for recon¬ 
structing the location and shape of the boundary of 
an impenetrable object without making the a priori 
assumption of impenetrability. In fact, the algo¬ 
rithm is precisely the same as that used for recon¬ 
structing the conductivity of a penetrable object and 
uses the fact that for high couductivity the skin 
depth of the scattercr is small, in which case the 
only meaningful infonnation produced by tlie algo¬ 
rithm is the boundary of the scattercr. 

This work is a further development of the method 

»IXWU vy UfM* r £.#• M..., 5 ^ ,\J, 

i-ecoustructing the complex index of refraction of an 
unknown scattercr from a knowledge of the field 
scattered when the object is filuminated succes¬ 
sively by a number of different excitations. Tlie 
method consists of casting the Inverse problem as 
an optinuzation problem In which the cost func¬ 
tional is the sum of two terms: One is the defect in 
matching measured (actual or synthetic) field data 
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with the field scattered by a body with a particular 
index of refraction, and the second is the error in 
satisfying the equations of state, integral equations 
for the field produced in the body by each excita¬ 
tion. The index and the fields are each updated by a 
linear iterative method in which the updating direc¬ 
tions are weighted by parameters which are deter¬ 
mined by minimizing the cost functional. A simple 
choice for the updating directions was made by 
Klsmman and Van den Berg [1992] which sufficed 
to enable some remarkable reconstructions. A more 
sophisticated choice of updating directions was 
described by KUinman and Van den Berg [2993] 
which resulted in a more efficient algorithm. This 
algorithm was tested to determine its limits, and a 
rough estimate of the upper limit of reconstructibil- 
ity was found to be where k is the 

waveuumber, d is the diameter of the donmin of 
investigation, and |;r‘ip«i(l is the maxim'im modulus 
of the contrast x defined in terms of the index of 
rcfiaction to be - 1. This limit was deter¬ 

mined from examples of contrasts with nonzero real 
part and is definitely dependent on the algorithm, as 
is clear since in this paper we show that by changing 
the algorithm, considerable higher contrasts arc 
reconstructed. 

Consider the scattciiog object to be an inhomo¬ 
geneous lossy dielectric cylinder with relative jjer- 
meability equal to one and of arbitrary cross section 
imbedded in free space. When the incident excita¬ 
tion consists of electromagnetic waves with the 
electric vector E polarized along the cylinder :ixi$, 
then the contrast is given by ■ «, - 1 -f- Mateo, 
where ^he relative permittivity of the object, a- 
is the conductivity, so is the free space permittivity, 
and <11 is the angular frequency (time factor is exp 
(-iW)). No attempt was made to fiicorporate the 
information that and o/ateo arc uonnegative quan¬ 
tities into the previously described algorithm. Re¬ 
cently, Habashy et al. [1992, 1994] demonstrated 
dut by explicitly incorporating this a priori mfor- 
mation ir.to a different algoritlun, contrasts consid¬ 
erably iJgher than MXbuxI * could be recon¬ 
structed. In the present paper we combine this idea 
of enforcing positivity together with the physically 
motivated approximation that for large dateo, x ~ 
MoiSo even if ^ 1, to modify our algorithm 
appropriately. This new algorithm is tested using 
synthetic data and is shown to be extremely effec¬ 
tive in reconstructing the locacion and the boundary 
of the scatterer. The details of the method arc given 


by Kleinman and Van den Berg [ 1992], and here we 
wild present only the essential steps and include the 
changes needed to enforce the a priori positivity 
constraint. 

Description of the Tv7o-Dimensional 
JProblem 

Assume that a twoHiimensional conducting ob¬ 
stacle D is irradiated successively by a number of 
known incident fields uj^,J “ 1, • • • , /. For each 
excitation the direct scattering problem may be 
reformulated as the domain integi^ equation 

“;(p) “ Croxujifi )« uj*, p e D, (i) 

where 

J G(p, q)x(‘i)«j(<l) dv,, p ED, (2) 

and 

G(p. q) ^ ' fii'HkIp - q|). (3) 

4 

Here uj is the total field corresponding to the 
incident field k is the wavenumber, x taken 
to be equal to for real {■ dateo), and p and 

q arc position vectors. G(p, q) is the free space 
Greeu’s function in two dimensions. Gp is an 
operator mapping L^(£>) (square integrable func¬ 
tions iu D) into itself. If is a surface enclosing D, 
then the scattered field on S is given by 
where Gs is the same operator defined in (2), exct^pt 
the field point p now lies on S. Hence Gs is an 
operator mapping into L^S). We assume 

that uf^ is measured on S and denoted by fj{p), p £ 
S, the measured data for each excitation J, J "• 
The conductivity reconstruction problem 
is that of finding x fof given fj or solving the 

CCf iMstiOuS 

Gsxuj{p)^fjip), pe5, y-1,,y, (4) 

for X, subject to the additional condition that uj and 
X " satisfy (1) in /) for each j. Thus there are two 
error measurements Involved; the first is the defect 
in matching the measured data in LiiS), namely, 

Fsj “ IL// - iOsC^UjWl 


(5) 
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and tliC second is the error in the state equation in 
LiiD) 

^DJ “ ll“j“ “ (6) 

where the subscripts S and D are included in the 
norm || ■ || and later the inner product < % •) in to 
indicate the domain of integration. Rather than seek 
C to minimize the data error subject to the state 
error as a constraint, we combine tliesc two error 
measures into one normalized cost functional 


j j 

2 llMj“ - +'*'i- S ll/y ~»<7siSlis' 

j-i j-i 

(.7) 

where 


Wo 



and 



In practice we approximate f and uj in subspaccs of 
L^D), and hence the guiding principle is to simul-' 
tancously seek {and in a way which minimizes t\ 
The functional F^-j is used as the starting point for 
many inversion algorithms. Combining it with ^DJ 
as m (7) IS less common but has been used before 
[see Kleinman and Van den Berg, 1992, and refer¬ 
ences therein]. Recently, Sabbagh and Lautien- 
heiser [1993] used the same functional in an inver¬ 
sion algorithm. Domain functionals have also been 
used in impedance tomography [e.g., Wexler et al., 
1985]. 


Inversioa Algorittua 

The basic idea underlying the inversion algorithm 
is to combine a gradient type of algorithm to itera¬ 
tively solve the direct scattering problem together 
with a similar algoritlun for solving the ill-posed 
inverse problem. Sabbagh and Lautzenheiser 
[1993] attempted to do this by constructing one 
unknown vector consisting of all the fields and the 
unknown contrast and updating with one gradient 
direction and one coefficient. Our approach differs 
in that we update each field and the contrast sepa 
rately. Specifically, we propose the itemtive con¬ 
struction of sequences {uj „} and {{„} as follows: 

“y.-i 1 + “ f,-1 + (9) 


1 , 2 . 


For each n, the nmetions and are update 

directions for the functions Uj^„ and {„, respec¬ 
tively, while the complex parameter a„ and the real 
parameter j8„ are weights to be determined. The 
residual errors at each step in the state equation and 
da*.a equation are defined as 

0 ." “ - k!0‘^j.n< !>U "fj - iGsCWn. ( 10 ) 

and the value of the cost functional at the nth step is 

j j 

llo.-lln + S (11) 

y-i ;-i 

where the residuals satisfy the recursive relations 

0." ■ O."- 1 ~ )'“>.« t 

+ \SnVj,n + _ I 

+ itt,filGoSlvj.„ ( 12 ) 

“ (13) 

Substitution of these expressions in (11) results in 

an expression involving terms determined at the 

(n - i)st step, the directions and and the 
two parametcis a„ and B„. Once the directions 
and vj^„ are chosen we have a nonlinear expression 
in and Bn > As Kleinman and Van den Berg [1992] 
did. the values of the parameters a„ and Bn 
determined by requiring F*,, to be a minimum. This 
minimization of the quantity F^ is accomplished 
using the Fletcher-Reeves-Polak-Ribibre coqjugate 
gradient method [Press e: al., 1986]. The starting 
value for a„ is obtained by taking Bn " 0 
minimizing F^, while the starting value for Bn is 
found by setting a„ « 0, neglecting the terms of bI 
and again minimizing F„. The essential ingiedients 
remaining are the update directions and and 
the initial choices uj^ and ^q. 


Update Directioits 

As the update direction for the field we take the 
direction 


I 


I 








MMl-yffiM 
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2 <gln^Sj.n-9in~0D 

J" I 

vj.n ~ aj.H -1 > yi-- - -• 

2 IlyZ-.llo 

(14) 

Here gl„ is the eradient of F (see equadon (7)), with 
respect to changes in the held uj, evaluated at the 
in - l)st step, that is, 

g*,n ■■ **'a( 0 .* - I - 1 ) 

- l^sCl - \^sPj,» -1 > (1^ 


<>f therefore cannot start the iterative 

scheme with a zero estimate for fg, and a more 
caixfui choice must be made. 


Initial Choice 

The initial choice is determined from a guess of 
the contrast sources 

■ liHqjUjiq), q e D, (20) 

that follow from the linear’ data equation 

Ci'W;(p)pGi’. (21) 


where the overbar denotes complex coqjugate, 

<7(p, q)r;.„_l(p) dt/p, qGD, (16) 


In contrast to Habashy et al. [1992], we do not 
solve this firsMued integral equation, but we take 
an estimate 

■ y<7i/)(q). (22) 


and 


^iPy.K-i(<») <S(p. q)Pj.(.-l(p)dvp, qeD. (17) 

Gq is an operator mapping L^iD) into itself, while 
Gs is a map from L^iS) io L^iD). The choice of the 
direction in (14)-(15) iu the Polak*Ribi4rc con¬ 
jugate gradient direction [Bro{Ui*, 1977] assuming 
the contrast does not change. 

As the update direcUou for the contrast we take 
the direction 


f« "»/•+■ yif*-1. yi" 


isi.ai-ai-OD 


llffi 


(18) 


' iiin 


where is the gradient of F wiili respect to 
changes in (, evaluated at the (« - l)st step, that is. 


tfi “ 2f„ _ 1 


loi 


j 

'*'0 2 
7-1 


— J 

IVS 2 - I ^SPj.H - I ■ 

7-1 


(19) 


The choice of the direction in (18)-(19) is the 
Polak-Ribiire conjugate gradient direction [Brodlie, 
1977] assuming the fields do not change. Note that 
the contrast gradient p,f(q) vanishes for zero values 


The constant y is determined by minimmng the 
error, see (5), 


J J 


J 


7-1 7-1 7-1 


y<Js(y.v7;lls- 

(23) 


lliis leads to 


2 y}> ^s^sfj)s 

7-1 

y m -- . (24) 

2 Il*^s(^sf7llf 

7-1 

With the initial estimate for the contrast sources 
w;,o, an initial estimate for the fields follows 
from the state equation (2) as 

U/.o(p) • uj“(p) ■+• Gd iv;,o(p), p e D. (25) 

Once the initial estimates for the contrast sources 
and the fields have been determined an initial esti¬ 
mate for the contrast Co iCo > 0) follows from a 
minimization procedure of the error iu the constitu¬ 
tive relationship (20) [see Habashy et al., 1994], For 
the initial estimates this relation is rewritten as 


Im [»';,o(q)ff/,o(q)]“ (o(q)l«y.o(q)l^' 


(26) 














KLEU-JMAK AND VAN DEN BERG: LOCATION AND SHAPE RECONSTRUCTION 


1161 


In order to meet this relation for ail J we use the 
ideas of Kohn and McKenney [1990] and minimi?^ 
the cost function 


y(q) 


J 

■2 

1 


J 

■2 

J -1 


1 Im [wy,o(q)aj.o(q)] 


^o(q) 




- fo(q)l«j.o(q)l j 


1 {Im [wy,o(q)J;.o(q)]}- 

fo(q) k;.o(q)P 


fo(q)Ko(q)l’ 


-2Iin[w;.o(q)ii;,o(q)][. 


fo(q)' 


/ y (Im [n';.o(q)gy,o(q)]} ^\ 


1/2 






2 l"/o(q)l^ 

J -1 


. q eD. 


(23) 


I 


circle containing the test domain. We assume that 
the radius of this circle is large enough so that the 
far-held approximation of (4) may be employed, and 
the far-held coefScient is the quantity of interest so 
that the dependence on the radius is removed. In 
that case the data may be written as 


1/2 


and the data equation (4) may be replaced by 


L 


(27) exp (-ikp • q)A;(q)M;(q) du, “//(j^). 


(29) 


(30) 


Note that only the first two terms in tlie second 
expression depend on {q . Minimiaadon of this ex¬ 
pression yields 


With the expressions of (25) and (28) the initial 
estimates for Uj^ and fo have been determined, and 
the iterative scheme is now completely defined. 

Numtirical Examples 

In actual numerical examples a discrete form of 
the algorithm was used. In these examples it was 
assumed that the unknown scattcier was located 
entirely within a test square of known dimension 
although knowledge of the precise location within 
the test square was not assumed. This test square 
w.as partitioned into equal-sized subsquarcs, and 
the integrals over the domain D in the algorithm 
were all carried over this test square. The jKisition 
of the actual scattercr is determined as the support 
(nonzero values) of the reconstructed contrast. The 
domain integrals were approximated by assuming 
that the contrast and fields were constant on sub- 
squares. The resulting integrals over subsquares 
were approximated by integrals over circles of 
equal area v/hich were calculated analytically [Rich- 
. lond, 1965]. The discrete spatial convolutions of 
the Gd of/crators were computed using fast Fourier 
uansfomi routines ^Van den Berg, 1984]. 

The measurement smface S is chosen to be a 


where is the unit vector in the direction of 
observation and .S now denotes the space of these 
unit vectors, the unit circle. Further, /“(fO ij the 
measured far-field data. In the examples we mea¬ 
sure tlie far-field at 30 stations equally spaced 
around the object. Each of the stations serves in 
turn as the location of a source (J » 30), and the 
incident fields can be approximated as plane waves. 
All integrals on S were approximated by point 
collocation at the discretization points, that is, the 
rectangular rule with the integrand evaluated at the 
end point. The m-^asured data were simulated by 
solving the direct scattering problem for an impen¬ 
etrable circular cylinder. The analytic solution in 
terms of Bessel functions has been employed. The 
radius a of this circular cylinder was 0.015 m. Our 
reconstruction of the location and the shape of tliis 
circular cylinder is illustrated in a number of exam¬ 
ples. 

Example. 1 

In the first example the test square was divided 
into 31 X 31 subsquarcs of 0.003 x 0.003 m^. The 
wavelength is A - 0.090 m. so that ka « W3. The 
measured data were calculated for the cylinder with 
origin at the center of the test square. Wc then 
solved the inverse problem using the algorithm 
described in the previous scctioiis. and the error 
is plotted in Figure 1 (solid line). Although it is 
vei 7 h^d to minimize the error in the fields inside 
the impenetrable object, we are still able to reach an 
e rror less than a few percent. Some surface plots of 
the reconstructed profiles (the imaginary part of the 
contrast x) presented in Figure 2. We indeed 
observe that after a relatively small number of 
iterations only the boundary of the object becomes 
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visible, and the location and shape of the object can 
be estimated. Specifically, we observe that after 
~16 iterations the imaginary part of the contrast at 
the boundary becomes larger than six, and only the 
contrast at the boundary of the object remains 
increasing when we increase the number of itera¬ 
tions. At 64 iterations the contrast at the boundary 
has reached values from 10 up to 25! This result has 
also been presented in Figure 3, where we have 
plotted the contour lines Im [v] " 12.5. The exact 
location of the boundary of the object is indicated 
by the dashed circle. The outer contour line almost 



Figure 3. Comparison between the reconstructed 
boundary and the exact one of example i (n 64). 


coincides with the exact boundary , and we choose 
this as the reconstructed boundary. 

Example 2 

In the second example we consider a smaller 
wavelength: A 0.030 m, so that An *■ rr. We then 
solved the inverse problem, and the error is 
plotted m Figure 1 (dashed line). Some surface plots 
of the reconstructed profiles (the imaginary part of 




Figure 2. The rcconsuucted imaginary values of the coDuast for example I. At /t » 64 the largest 
value is 25.3. 
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Figure 4. The reconstnicted iouginary values of the contrast for exatsple 2. At n « 64 the largest 
value is 6.02. 


the contrast x) presented in Figure 4. After only 
four iterations the boundary of the object is clearly 
visible. Specifically, we observe that after about 
eight iterations the imaginary pait of the contrast at 
the boundary becomes larger than one and only the 
contrast at the boundary of the object remains 
increasing when we increase the number of itera¬ 
tions. After 64 iterations the contrast at the bound¬ 
ary has reached values from 2 up to 6. This result is 
also presented in Figure 5, where we have plotted 
the contour lines Im [;^] = 2.5. The exact locatiou of 
the boundary of the object is indicated by the 
dashed circle. The outer contour line approximates 
the boundary very well. 

Example 3 

Id the third example we stiU have A » 0.030 m, 
however, the measured data were calculated for a 
cylinder located close to a comer of the test square. 
The reconstruction is shown in Figure 6. It shows 
that our scheme not only approximates the bound- 
of the object very well, but also the location is 
determined precisely. This is stressed in Figure 7. 
where after 64 iterations the contour lines Im (jr) 

2.5 have been plotted. Again, the exact boundary of 
the object is indicated by the dashed circle. 

Botmded Contrast Recoostruction 

In our examples we have seen that our scheme 
indeed reconstructs the location and the shape of an 


impeuetrabie object by reconstructing the imagi¬ 
nary contrast sst the boundary. However, the recon- 
stmeted contrast at the boundary becomes highly 
oscillatory after a couple of iterations. The peaks 
eppear to mcreasc with the number of iterations, 
and it becomes di^cuit to choose the level value of 
the contour that estitnates the boundary of the 
object. We therefore adopt a sliglitly mo^ed re¬ 
construction scheme. First of all we have observed 



Figure 5. Comparison between the reconstructed 
boundary and the exact one of example 2 (n ■ 64). 
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Fifinre 6. The reconstructed imaginary values of the contrast for example 3. At n = 6<1 the largest 
value is 8.87. 


that there is no improvement in locating the bound- times the mesh width. This fiictor is chosen to 
ary after the contrast has reachet*. a value such that provide a reconstructed object such that we ob- 
the penetration depth of the wa 'efield is of the serve a “boundary wall” with a thickness of two or 
order of the mesh width in the testing domain. The three times the mesh width. We therefore require 
visualization of the boundary of the object is im- that the interior (complex) wavenumber I;/(q) satis- 
proved when we impose an upper bound to the fics the condition 
reconstructed contrast in such a way that the peu- 

ctration depth of the wavefield is not less than three ^ ^ 1. (51) 

where A is the side length of a subsquare of the test 
domain. From (31) and the fact that + 1 = kf/k^, 
it follows that the maximum reconstructed contrast 
ifnux follows from the relation 

(32) 
ikA 

The value of is assumed to be pure imaginary 
and is determined numerically. If at some point in 
the iteration the reconstructed contrast is larger 
than the contrast is replaced by Xmax- 1° '’’•s''' 
of this modiheation, the residual errors have to be 
recomputed and the iterative scheme restarts with 
new contrast directions 3y enforcing the con¬ 
trast gradients to be zero in all the points q, where 
the contrast is equal to ATnux* ili® contrast directions 
vanish in these pmints, and no updating of the 
contrast takes place in these points. Operating in 
this way, the scheme is able to “concentrate” on 
Figure' 7. Comparison between the reconstructed updating the contrast at the remaining points. This 
boundary and the exact one of txample 3 (n “ 64). accelerates the reconstruction and visualization of 
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Fisurc 8. The error as a function of the number of 
iterations when the maximum reconstructed contrast is 
constrained. 


the boundary of the object. We illustrate this pro¬ 
cedure for our three examples. 

Example 1 

In the first example with a wavelength of A “ 
0.090 m and a side length of a subsquare of 0.003 m, 
condition (32) says that the maximum reliably re¬ 
constructed contrast amounts to Xms>x ~ ^5.97. We 
then solved the inverse problem with this upper 
limit, and the error is plotted in Figure 8 (solid 
line). Some surface plots of the reconstructed pro¬ 


files (the imaginary part of the contrast x) 
presented in Figure 9. After 32 iterations we ob¬ 
serve no substantial improvement in the reconstruc¬ 
tion, as is seen by examining the reconstructed 
profile after 128 iterations. Comparing Figures 1 and 
8, the error is now much larger, but this is 
mainly due to the mismatch in the fields inside the 
object. Relaxing our. constraint on the maximum 
value of the contrast will decrease this error, but it 
does not yield better reconstruction of the boundary 
of the object. The reconstruction of the boundary is 
visualized in Figure ’0. where we have plotted the 
contour lines x = Xaax- Th® exact location of the 
boundary ui the object is indicated by the dashed 
circle. 

Example 2 

In the second example with a wavelength of X = 
0.030 m and a side length of a subsquare of 0.003 m, 
condition (32) says that the maximum reliably re¬ 
constructed contrast amounts to Xaax - '1"20. We 
then solved the inverse problem with this upper 
limit, and the error is plotted in Figure 8 
(dashed line). Some surface plots of the recon¬ 
structed profiles (the imaginary part of the contrast 
x) are presented in Figure 11. The result after 64 
iterations is also presented in Figure 12, where wc 
have plotted the contour lines x - Anna- TTie exact 
location of the boundary of the object is indicated 




Figure 9. The reconstructed imaginary values of the contrast for example 1. The maximum 
reconstructed contrast is constrained to 5.97. 
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Figure 10. Compariscn between the reconstructed Ficurr 12. Comparison between the reconstructed 
boundary of example 1 (n ■< 128) and the exact one. boundary of example 2 (n » 64) and the exact one. 


by the dashed circle. The outer contour line approx¬ 
imates the boundary very well. 

Example 2 

The reconstruction of the shifted cylinder is 
shovm in Figure 13. It again shows that our scheme 


not only approximates the boundary of the object 
vei 7 well, but also the location is determined pre- 
cisdy. This is stressed in Figme 14, where after 64 
iterations the contour lines x ** have been 
plotted. Again, the exact boundary of the object is 
indicated by the dashed circle. 



Figure 11. The reconstructed imaginary values of the contrast for example 2. The maximum 
leconstructed contrast is constrained to 1.20. 
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FilKiire 13. The reconstructed imaginary values of the contrast foi example 3. The Maximum 
reconstructed contrast is constrained to 1.20. 


For this example we also investigate the influence 
of noisy data. We have added to the data a random 
noise signal with maximum amplitude of 50% of the 
maxiimitn amplitude of the data. The reconstruction 
process is shown in Figure 15. It is observed that 



Figure 14. Comparison between the reconstructed 
boundary of example 1 (n » 64) and the exact one. 


this extremely higl) noise level yields some local 
anomalies, but the location and sbt^ of the cylin¬ 
der is still clearly visible in the reconstructed con¬ 
trast. This example indicates the robustness of our 
reconstruction scheme. 

The computer code was run on a VAX-4000 
worksution. The last exainpie requires about 8 
Mbyte memory, while one iteration takes one 
minute CPU time. 

Finer Mesh 

Finally, we present the reconstruction of the third 
example when the test domain is subdivided into a 
finer mesh. Now the test square is subdivided into 
61 X 61 subsquares of 0.0015 x 0.0015 The 
reconstruction is shown in Figures 16 and 17. 

Condusions 

An iterative method for reconstructing complex 
constitutive parameters has been modified to recon¬ 
struct the location and shape of impenetrable ob¬ 
jects by exploiting the fact that, eiectroraagneti- 
cally, impenetrable objects are really lossy 
dielectrics with very high conductivity so that the 
skin depth is very small, hence the data from 
impenetrable scatterers is consistent with the re- 
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Ficiire IS. The reconstructed imaginary values of the contrast for example 3 from data with SQ% 
noise. The maximum reconstructed contrast is constrained to 1.2C. 


construction algorithm. Since the incident field de> 
cays drastically as it penetrates the body, the only 
reliable information about the body t^t can be 
infened from scattered field data comes firom a 



Figure 1$. The reconstructed imagmary values of the 
contrast for example 3 and a refined mesh. The maximum 
luconstructed conmast is constrained to 3.09. 


neighborhood of the surface. Using this fact, we 
employ an algorithm designed to reconstruct the 
conductivity (and permittivity) throughout the body 
but give credence only to the boundary of tlie 
support of the reconstructed conductivity when 


. . Ini[xi “ J'OS 

— — - — Exact iMunduy 



Figure 17. Comparison between the reconstructed 
boundary of example 3 (n •> 64) and the exact one. 
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these values are large. Numerical evidence is pre¬ 
sented which shows the utility of this approach. A 
perfectly conducting circular cylinder was taken as 
a target for ka ^ Tr/3 and ka ^ w. The synthetic data 
were obtained from tiie exact soiutiou available 
through the use of separation of variables, and 
examples were treated for the cylinder both cen¬ 
tered and off centered in the test domain. The effect 
of uoise was examined as was the result of rehniug 
the discretization of tbs test domain. The numerical 
examples show that the algorithm is effective in 
co nfinin g the boundary to an anniolar domain, and 
the resolution increases as the wavelength de¬ 
creases and also as the discretixation of the test 
domain becomes finer. Moreover, the results ap¬ 
pear to be remarkably stable with respect to noise. 

The numerical results reported here concern only 
circular cylindrical scattr.rers, although the origin 
was shifted so as to remove some of the effects of 
symmetry. However, the method applies equally to 
noncircular objects and has been successfijl in re¬ 
constructing a noncircular scattcrer from experi¬ 
mental data. These results will be reported else¬ 
where. It should also be noted that although the 
results reported here involved far-field data, addi¬ 
tional experimetus using nnar-field data yielded 
comparable results. That is, the reconstructions 
were of the same quality with the same number of 
iterations. 

Ongoing work is cottcemed with further rehne- 
incnts to molce the algorithm more efficient by 
successively reducing the number oi points or sub- 
squares at which ffie contrast is updated once very 
large or very small values are attained. Also under 
investigation are the improvements resulting when 
multifrequency data are used and the performance 
of the algorithm when real rather than synthetic 
data are employed. Results of these studies will be 
reported in the future. 
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Chapter 31 

Piill Low-Frequency Asymptotic Expansion for 
Elliptic Equations of Second Order 

R. Kleinroant B. Vainbergt 


Abstract 

The present paper shows how to obtain the low fre<)uenc,y uepansions of solutions of 
a large class of exterior boundary value problems involving second order elliptic equa* 
tions in two dimensinos. The diiTerential equations must coincide with the Helmholtz 
equation In a neighborhood of infinity, however they may depart radically from the 
Helmholtz equation in any bounded region provided they retain elUpticity. The pro¬ 
cedure fov determining the full low frequency expansion of solutions of the exterior 
Dlrichlet and Neumann problems for the Helmholtz equation la included as a special 
case of the results presented here. 

1 Introductign and Formulation of the Main Results 

Let n bo an uuboundod doiualn in JR* with compact infliutcly smooth boundary P, let 

a 




be au elliptic operator of the second order (that is the matrb; (o(jf’)) h non-siagalar) with 
inilnltely smooth coefheieuts in fl and (n>(K) real valued and let A coincide with the Laplace 
operator A la some neighborhood of infinity. Denote by u, a solution of the problem 


f /4u -t- fc*u z e n 

\ Bu 0, z s r 

where B is either the identity (Dlrichlet boundary condition) or the following operator 

du , , , 


( 1 ) 


(?) 


Here ^ a ^ i* the derivTiiive along the couormal vector (n ss (ni,rtj) is the 

unit vector which is normal to P and directed into C), ^ is the derivative along P.p, i 
Finally denote by 

Rku:L3{(i)- UHQ}, \mk>0 


^ llAiveisity of Dclswue, Newsrk, Dclswgjt 19716 
^ 'UBivcrsily of North CaroUns, Cbsrlotu, North Csrolins 28223 




• --.vM 
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tke operator whidi takes ftmctioos / € into solutions of problem (1) belonging to the 
Sobolev space H^Q). 

With a an arbitrary constant we deiine a cutoff function \ = );(a.) C such that 

X = I when |z| < a and x — ^ when |z| > a +1. Then a restricted resolvent is delined as 

iu -x/ii;t:i5(n)-/f’(n). 

The operators Rh, Rk are defined and are meromorphic functions of k when Imh > 0. More¬ 
over the operator As.Imi; > 0, has a meromorphic continuation on the BLianann surface of 
the function lnk(sec [!)). Let us stress that Akf = xi^s/ if / ^ 0 for |x| > a. In this case the 
function u = Rkf is a solution of (1) for |z| < a. 

The present work is devoted to the study of the asymptotic behavior of the operator 
Rk (that is of the solution u = Rkf, |s| < a of the problem (1) with / s 0 for |x| > a) as 
k -•> 0. We consider oidy the two-dimensional case, since in other dimensious the asymptotic 
. behavior of the solution of this problem is much simpler. The most recent results for the 
two-dimensional case as well as extensive references to earlier work are found in [2]. There 
the problem was supposed to be formally self-adjoint (i.e. (Au,v) w (u.Av) for functions 
u< V € C^(^) satisfying specified boundary coaditions) and nonpositive, or to be more exact 
it was supposed that 


(Au, u) < —a J |Vu!*ds, a > 0 for all u 6 with Bulr = 0. 


(3) 


Here (•, •) denotes the inner product in Ljffl). For this case [2] gives the asymptotic behavior 
of the solution u = ur of the problem (1) with accuracy O(k^). 

However more than ten years ago, in [1], there appeared results of one of the present 
authors concerning the low-frcqueucy asymp.totic behavior of solutions of general elliptic 
problems of any order polynomlaJly depending ou the spectral parameter. Those results 
apply to problem (1) and allow one to obtain the full asymptotic expansion of the operator 
lik as |i;| — 0. This expansion has the form 


Rk a 


hi 


go mi 


lii«j, 


(4) 


where o is an integer, d is a non-negative integer, F is a polynomial with constant coeffi¬ 
cients, and Pnt.n ■■ Ljffl) — F^(n) are bounded operators independent of k. 

The integers a and i and tho polynotni.'d P are not known in general, even for equations 
of 2nd order. It is the purpose of the present work to specify the precise form of expansion 
(4) for solutions of two restricted cases of problem (1). 

Casa L The space of bounded solutions of the homogeneous problem 


v4w = 0. I 6 0; Bu = 0, r £ T 


(5) 


consists of only the trivial solution. 

Case n. The space of bounded solutions of (5) is one dimensional and if u is a nontrivial 
solution then 

lim u(i) 0. (C) 

r—00 

and the formal adjoint to problem (5) (see (13) below) also bar a bounded solution with 
property (6). 
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The exterior Dirichlet problem for the Helmholtz equation is am example of Case I while 
the exterior Nenmann problem for the Helmholtz equation is &n example of Case II. 

It is well known that if u is a bounded solution of Laplace’s equation in a neighborhood 
of 00 then for r sufildently large, u has the form 


00 

u(jc) = Co + CO* sin nvo)r-" (7) 

. . nmO 

In paxticular this representation is valid for bounded solutions of problem (5) and of problem 
(1) with hatOif/teOina neighborhood of in&nlty. Therefore, condition(6) is equivalent 
to the requirement that Co 0 for such solutions. 

The conditions embodied hr Cases 1 and II are less restrictive than those used in [2]. If 
condition (3) required in [2] is fulfilled then together with {t) it follows that there are only 
constant solutions of problem (5). This means that either Case I or Case H apply. la our 
work we do not require nonpositivity, condition (3), nor do we require that the problem be 
self adjoint. Moreover we obtain not only the first few terms as In [2], but the complete 
asymptotic expansion of the solutions. 

Unlike [2] we consider (for simplicity) only the problems in which the boundary and 
coeffidents of the equation axe infinitely smooth. 

The main results are contained In two theorems which are presented in this paper. Let 
a he an arbitrary fixed constant such that T is contained in the circle {al < n - l and / -- 
0 when |x| > a. Let a 0 n {z : |z| < a} and A a A + P when |x| > a - I, Let Li.t be the 
space of functions which belong to Lsfri) and are equal to zero when |x| > a. In paxticular, 
f € La,«. 

la Case I we denote by uo,ui .he solutions of the problems 
(Auo =s /, z c n 

zCT; luol < 00 as r — 00 


f Am a 0 , X € fl; 

\ But » 0, z € T; ]«» — inr| < oo as r — oo 


Auj s 0, «€ n 

Hus ss 0, I € T; |uj + ^ojzi + Jftizjl < oo as >• ~ oo 


( 10 ) 


where aj.kj are the coeffidents in the expansion (7) for no. We show that the uniqueness of 
the solution of problem (8) leads to the solvability of this problem. After we have established 
this, we can easily infer the unique solvability of pjoblems (9) and (10) by reducing them 
to problems of the form (8). This is accomplished by writing the solutions «i and vj of 
problems (9) and (10) in the form uj = ^lar+ wi and uj a -*^( 01 x 1 + 4izj)0+ w?, where 
Vi a \l’(x) is a cutoff function which is equal to on* for 1*1 > o and equal to zero In some 
neighborhood of I". Then the problem of finding w* is of the form (8). Moreover since the 
expansion (7) is valid for ui,, in particular the constant 


Xo 15 


liin (vi — Inr) 

r—oci 


is defined. Finally, we denote by the constant which occurs in the asymptotic expansion 
of the Hankel function of the fir-st kind and order zero: 
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With this notation established we now state thi'^ laain results. 

TaEOltEM 1. In Case I Sot the solution u — of problem (1) with f € ht^,:-ite 
following asymptotic expansion is valid when -■y < argi < !ir| — 0 ; 

// m i»-nsi 

-ej: e i^"'ln''i(lni- — Ao - ^)“Sun*,nj»(®) + tiw (12) 

m«0 kkS fmt 

where ore independent of k and 

\\aN\\am.)<C{a)\knnk\>^*t\\fU..,- 
The leading terms of the asymptotic expansion have the form 

u a uo(ir) + h^lnhuj^x) + 0(k^} 

when are the solutions of problems (8) - (ID) and Ce =^lim uo(*). 

llatuaskt lu fact the corresponding expansion for the operator Ri, converges in the operator 
norm for 0 < lit| < |i<;( for some lioi > 0 and therefore the Infinite series for u(N a oo) 
converges in 

In Case II lot u« denote by vo the solution of problem (5) such that 


Let the problem 


lim vgix) -js 1, 

fw^M 


A‘uao,xeQ\ i 7 *t< = o, xer 


be formally adjoint to (5), that is, the operator A’ can be obtained from A by substituting 
h for 4( and 5-23 Sit ^ ^ ^ a I,li 3 has the form (2) then fl* na* the same 

form with p instead of p and ^ + '^h{s)ni instead of g. If u,t € and So = 

3'v =! (1 on r then 

J Auvdx =i j uA'vdx+ 1^ (~v - u^~)dSI R> s. 

n« Om i-in 

We show that the space of bounded solutions of problem (13) in Case II is also one¬ 
dimensional and there exists a unique solution v. of pjoWeui (13) such that 


liin v,(s) » 1. 

r—09 

Let us denote by n the sirlutiou of the inhomogeneous problem (b) (that is the solution of 
problem (1) with i: — 0) such that 

VI — oflnr — (3) — 0 as r — oo 

where o = o(/) is constant. Wc show that in Case II such a solution exists, Is unique ;.nd 
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TSEOaKM 2. In Case II for the solution u a ft,/ of jiroblem (t) vrith f 6 ii,.. the 
following asymptotic expansion is valid when < angh < 1^1 -* 0 : 

H im-i-t 

ua:]^ ^ Um.nCi:) + «N ^ IS) 

tHuQ fiaO 

where Um.n are independent of k and 

llSwll^r*^n.^ < C[aWf+nn^'^**k\\\fU,_. 

The leading tavtis of the asymptotic expansion have the form 

V’ectlnkvo(x)-¥vi[x) + 0(k^ln^k), HI —0 

where a is defined in (H). 

// t/o a 1 then umn a 0 /or n > m +1. 

Remarks. 

(1) Tb« r«m&rl[ following Th«oi«m 1 alto applies here. 

(2) It is not diiBcult to write ont the sequence of problems similar to (8) • (10), from which 
we can find all the coefiicients in the expansions (12) and (15). 

(3) In the present work we have assumed that the data / is independent of k. In many 
applications, of course, / will be a known function of k. In such cases v/hen / may 
developed in a series in k the present analysis will still apply. The result will be the 
product of the expansion of the inverse operator, ft, with the expansion of /. 

Theorems 1 and 2 are proved lit a similar fashion and the details will be presented 
elsewhere. Here we will provide an outline of the main ideas in. the proof of Theorem 1. 

It consists first of establishing the expansion 

V = uo + j^ :^| -- -^ 'Ui(x) + Oik'i In'^ k), X € n., i - 0 (16) 

for the solution u a ft/ of problem (1) with / € Lj.t and uo, ui.Co, Ag and as !u Theorem 
1. This expansion is obtained from the uymptotic expansion of the resolvent irr (4), the 
difTerential equation (1) and an integral representation of the solution (actually an integral 
equation) based on Green’s theorem, namely 

i7(i)u(i) =s f (Ini+lnfi—vl —/3+0(t^Infc))(u(y)A»n + 2V,u-Vyi())(iy, X € K’i fc —0 (17) 
2*' JQ 

where tj € C'^(IR’) and ij» 0, (ij < o — 1, t) = I |i) > a — 

The last step of the proof Is based on a special parametrix of problem (1). This 
parametrix involves the opevater U which is defined as that operator which maps any 
function / € hr,* Into the sum of the first two terms on the right hand side of equation (16).. . 
Then choosing < € C~(H^) such that C = 1 for HI > a - 1 and C = 0 in a neighborhood 
we define the operator as 

gith = (1 - vWh -ii f - y|)Ay(.7£/Al(ly. 

’ Jn 

Now we assume a solution of problein (1) in the form u = ♦*/» with uaknovi'n h 
This lead.s to the equation (/+ H)/i = / for /», where the norm of Ti, is small by v 
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\ ■ 

equation (16). This allows us to obtsin. an asymptotic expar.sioB £or (!' 'Ihua 

foi'A* xi<5*(; + ro-‘. , 
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Abstract We have presented, elsewhere, the problem of choosing Neumann data 
for the exterior Helmholtz equation in order to optinaize a functional of the radiated 
far field. I'"*, this paper we use asymptotic methods to deteroune an approxunate 
optimal sok^tion whose support is in a prescribed rgion of the boundary. 

L Introduction 


Let i2 be exterior of a strongly convex bounded obstacle B C iR” with infinitely 
smooth boiindary F. Let u b« a solution of the problem 


( 1 ) 


S lu-k -r r. ju — -j, 


- rv 
4 . C 


er 


9vs _ L 

an •” 

I It - = oir -"^), r -f oo 


where h is an infinitely smooth function and d/dn is the derivative in the direction 
of the (exterior) normal which is directed into the unbounded region. 
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It is well k&owu that problem (1) is imiquely solvable. Let us denote by T 
the Ne umana- to-Dirichlet operator, which transforms h into ulr, where u is the 
solution of problem (1). This operator, initially defined on smooth functions, can 
be extended as a boimded operator on the whole space L*(r) since T is a pseudod- 
ifferential operator of order —1 [9,10). Let us introduce the following norm in the 
space -L^(r): 

infill = I*-"I|ftlli>(r)H-||rh|li,(r)r/= 


It is also well known that the solution u of problem (1) has the asymptotic 
behavior in the far-field: 

where f{d,k), 6 € is a smooth function which has the form 


( 2 ) 

Here 

( 3 ) 


f{e, k)=/3nj[h + ik <9,n> Th]e-'‘‘«>>»dSy. 


/?„ = = - 


1 / k 


(n-3)/2 


iTT y2lTi J 

Let o = a(6>) be a piecewise continuous non-negative function on the unit sphere. 
Let the functional F be defined by 


J /»GL2(r), 


5"-i 


wher e S is the element of surface area. 


We are interested in the maximum value of the functional F on the set U of 
functions h in L^(r) with iljh||| = 1. In addition we are interested in characteriz’mg 
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the functiom h, |||/i||| = 1, where F attains its maximum. The existence of such 
functions h follows from the resiilts of [1], [2]. 

In order to formulate the main result we need to introduce some notation. Let 
the mapping P : F -+ S""* transfer each point x € F into the point d € for 
which n = d, where n is the \init vector of exterior normal to F at the point x. 
Note that we will use the symbol 6 to denote both a point on the unit sphere and 
the position vector of that point. For an arbitrary e > 0 we construct a function 
9t 9 such that 

(4) / |ff,(d)pdS=l, f [g,(d)fai9)dS>SMpaid)-E. 

511-1 51.-1 

It is obvioris that we can take 

9t = <p/(^ j ' 

5 »-i 

where 9 ) is any function on 5"“^ with suppor-t in a region where a{ 0 ) > supa(9) — e. 
Let k(x) be the total curvature (product of the principle curvatures) of F at thv^ 
point X € F. 

The main result of the paper is contained in the following theorem. 

Main Theorem. 1. If |||A||| = 1 then 

( 5 ) 0 < F(h) < ^supa(9). 

2. Let £ > 0 be an arbitrary positive number, 9 ^ be a fixed function (independent 
of k) which satisfies the relations (4) and 

(6) ht = /»«(x) = ^^(7,(Px) V K(xj. 


3 










Then 


(7) |ll/i,||| = H-0(K^), n-^oo 
and there exist ko = ko^t) such that 

(8) 5 niaxa(6) — 2e 
if Jb> ifc«. 

IVom this theorem it follows that if 


then F(hf) differs from its maximum value on the set U = {h & L^{T) : ljl/i|]l = 1} 
by not more than 3« if is sufficiently large. 


n. Asymptotic Behavior of the Solatioua of the Problem (1) 


Theorem 1. E h is independent of k then there exist infinitely smooth functions 
ay(z) such that the solution of the problem (1) has the following asymptotic expan¬ 
sion: 

N 

(3) a = e“«‘) (53 aj + »«) 

trO 


where S(x) is the distance between a point x and P, aj 6 ao(») — h(z) on 

r and 


l < Ck-^-% |x| < a, A: > 1 


for any a < exj, a = (ori and some constant C — C(a, a, h). 
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Corollary: K x e P then 

u = (ik)~^h(x) + jb“^ui 

wtere the function ui = ui(x, fc) and any of its derivatives along P are bounded 
whea k >1. 

This result is obvious from the point of view of physics. But the strict math¬ 
ematical proof is not very simple, as the problem under consideration Involves two 
lai’ge parameters: as [il oo, the unique solution is singled out by (radiation) 
conditions, and, as i: —» oo, we are interested in the asymptotic behavior of the 
solution. High frequency asymptotic results have been obtained previously for the 
problem of scattering of plane waves by an inhomogeneous medium [3],[4] and by 
obstacles [5],[6]. However our results are much simpler due to the fact that in the 
present cases h is independent of k (or has a “simple” k dependence) so that no 
camtics occur. In order to prove Theorem 1, we will follow the same technique 
introduced in [4] and employ the nonstatiouary problem, corresponding to Problem 
(1): 


OS r u« - Av = 0, I £ f G Ml; 

^ ^ { |^!r = i € iR; u = 0, t < 0, 

where /5 £ 0{t) = 0 when t < 1/2, /3(t) = 1 when t > 1. 


The connection between problems (1) and (10) is established by Theorem 3, 
below, the principle of Hmiiing amplHude, However, we will need more accurate 

i > 1 jU9<CVA |ji i i h ir* 

this we need the following uniform estimate of the solutions of the initial-boundary 
value problun with homogeneous boundary data 


( 11 ) 


{ 


Wtt — Aw = 0, x £ fi, t > 0; 


9u> 
"Sn T 


0; = /(^) 
5 















where / € /(x) = 0 when li| > a. 


Theorem 2 For any a there exists To = To (a) such that the following estimates 
are satisfied 


( 12 ) 


la/SJ'tel < Ciaf7(t)lll/llL*, t > To, lx| < a 


where j and a = (a,.../a^) are arbitrary (non-negative integers), C depends on 
a, j and a but not on / and 


•y(t) = I e > 0, if n is odd 


‘Int if n is even 
This large time behavior of w may be obtained brum Theorems 4 and 6 of Chapter 
10 in [4]. 

Remark: This theorem shows that the solution and all derivatives decay ast —*■ oo 
uniformly with respect to the initial data if n > 2. If n = 2 it is possible to show 
that (w — Cl In t - cj) will decay for some constants ci, cj. 

Now we establish the limiting amplitude principle in the form which we need for 

i 

the proof of Theorem 1. Let (p € C*’(iR), ip{t) = 0 when t < 0 or f > 1, J (f{t)dt = 

0 

1 . 

Theorem 3. The solutions of problem (10) can be represented in the form of 

(13) V — u(x)e~'** + ui 

where u is the solution of problem (X) and for any a < oo, T > ro(o} + 1, any N 

and a = (oi,..., On), the following estimates are valid for vi 
r+i 

(14) f - T)<it|| < Ct;", kl < a, i > 1 

T 

Q 













with coafltant C ~ C(a, T, iV, a, h) which does not depend on. k. 

Proof. With no loss of generality we car. assume that dil C {r : |ii < a}. Let ip be 
a function such that ip € ^ = 0 when |x| > a, =: h on F. It is obvious 

that the function 

(15) V = ^(x)/3(i)c-‘*'' + u>i + u>2 

is the solution of the problem (10) if Wj, j = 1,2, are solutions of the following 
problems 

r — Awj = / X € fl, t 6 JR; 

l^lr = 0. u-i-O, t<0 

where 

(17) /, =(A + *')0 

(18) /, = /a(t,i,t) = (3 - m - <!'(.!>" - 
Firom (17) and (18) it follows that 

(19) /i(x, k)^0 when !i| > a, and ll/ 2 llz,,(n) < C^(l + 1:^) 

(20) as well as/ 2 (t,i, fc) = 0 when |x| > aor f > 1, and ||/ 2 |Uj(n) < C'(l + k"^). 

It follows from (16), (20), Theorem 2 and Duhamel principle that 

\did^^2\ < C{1 + 1^1 < “7 i > ^0 +1 

where C = C{h,aJ, a) does not depend on k. It evidently follows from here that 
for W 2 the estimate (14) is valid with any T > To + 1. 
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Further, let u? be the solution of the problem (11) with / = /j.' Then from the 
Duhamel principle it follows that 


t t 

(21) wi = e-‘“ J uj(r, = c^'** ^ lim J u»(r, x)c’*‘ 


If Im hi >0 the hmction 


OQ 

“(^« hi) = 


belongs to L^(Jl) and is the solution of the problem 


(A + fci)u = -/i, I 6 fl; -^L = 0. 


We can now invoke the principle of limiting absorption which implies that 


Ix:^ ^ J u>(r,®)e**‘’'<i'.'=s ui(*, h) 


where ui is the solution of the problem 


(22) (A + k^)ui =: *-/i, I e Q; ^]p = 0; ^ - iiu = o(r^" ), r -+ oo. 


This means that we can rewrite formula (21) in the following waj^, 


09 

u;i =e“'''*‘ui~e~‘** lim / u;(r, i)c’''‘’^dr = 

*—’Ai+iO J 

t 

= ■=-“*“■ - E r%r + J 


where !®i < Oi t > To = To (a). For the second equality when we integrate by parts, 
we used the following estimate which is a consequence of (19) and Theorem 2 


\did°u,\ < C(1 + h*)i5^T(<)l, kl < t > To. 






I-.*' 

V' 


; J 

IV-' 
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IVom (23) and (24) it follows that for wi — the estimate (14) is valid for 

any T >Tq. As we proved estimate (14) for we have that 

V = -f lil) + Ul 

where satisfies estimate (14). It remains to note that firom (17) and (22), it 
follows that function u » + ui is the solution of the problem (1). Thus Theorem 

3 is proved. 

We v/iil need the following simple lemma to prove Theorem 1. Recall that 5(x) 

is the distance between x and the boundary P and let 

N 

(25) VN = ajit, x)iikr^-^ 

0 

where Oj are infinitely smooth iunctioas of r € and t 6 Si. 

Lemma 1. There exist functions € C**, x Q Q IR, such that for any N the 
following assertions arc valid: 

1. (5^ - A)o;sr = where i»jv ia an infinitely smooth func¬ 

tion, 

2- ^Ir = ^Ir). 

3 VAT = 0 when t < 0, 

4. The functions Oj are independent of t when f > |i| 4 a -|- 1. 

Proof. This lemma is the outcc;ne of standard WKB method [7], [4]. The 
Hamilton-Jacobi equation which corresponds to the operator ^ — A is 
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The fuactiou — S{x) — i saii;isdS«.» this equation. Ileace the ilrst asseition. of the 
lexoma will be satisfied if functions aj satisfy the transport equations. Let us write 
them. GeometrO“Optic rays t which correspond to the phase function (f> are straight 
rays which are orthogonal to F. Let 

I = xo ‘b us, ®o t: r, s > 0 

be equations of these rays. Here n is the unit vector of the exterior nunnal. It is 
obvious that s = S(x)> The transport equations axe the following 

+5(A5)ao=0 

1^ + ^ +|(A5)oj 5 ^ 2 . 5 ^-Auj-j^, j > 0. 

Here 

5a ,» „ V 

^-(n,Va), xet 

The equations (26) are linear ordinary differential equations along space-time rays 
f, C f = ^(to, xq) — {(t) x): X — xo + fks, t s= fg -t-s, -s 0}, xq 6 F, fo G IK* 


So wo define the functions as the solutions of the equations (25) which sacisiy 
the following initial conditions 

ao(to,Xo) = /?(to)h(xo), a,(<o,xo) =- ^ ^ 

It is now very easy to check that not only the first but also the other assertions of 
the Lemma axe valid. This completes the proof. 


Proof of Theorem 1. Fbom Lemma 1 and well-known estimates of solutions of 
the nixed problem for wave equation [8] it follow.^ that the solution of the problem 
(10) has the following form 

N 

(27) u = -I-x, A’)] 

0 
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where N is arbitrary arid 


(28) Ic-i^aA-l < Ck-^~\ * L 1, 1*! < a, ^ < T + i 
for any u, 2’ and some constant C = C(a, a, T). 

How we £x a and choose T such that 

T > max(To f 1, 2a + 1) 

where 2o is the constant which is dalined in Theormi 2. From Theorem 3 it follows 
that 

74-1 

(29) |5“ J {u - c^^’v)ip{t - T)dt\ < C!c-^, ja:| < a, it > 1. 

r 

Theorem 1 foUowo from (27) - (29) becatrsc the functions «;(*) are independent 
of t when |a;| < o, and i > T. 

We now consider the asymptotic behavior of the far £eld coefficient of the 
solution in the case that the boundary value is independent of the parwneter k. 

Theorem 4. If function h docs not depend on k, then function (2) has the following 
asymptotic behavior zs k —»■ <x) 

f{d,k} = •'^>•‘{1 + Q{k‘^)). 

ik 

Remarh. it is not difficult to write full asymptotic ex][>au3iou of the function /. 

Proof. The functicu f is defined by (2) in which the function Tk is that given 
in the coroU.sry to Theorem 1. Asymptotic behavior of integrals of the type (2) as 
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obtained with the help of stationary phase methocL In particular 
Theorem 4 will be obtained if we apply Theorem 9 of Chapter 4 from (4] to the 
integral (2). Theorem 4 follows from these remarks. 

11I> Proof cf the Main Theorem 

Ftom. Green’s formida it follows that 

Hence 

/ m^de <\[J |.^|»J5 + / |r>^-Pi5] = i|||;.||P. 

5«-i j-. 

It is obvious that relations (5) follow from here. 

Now let the function h from boundary v'aiue problem (1) be equal to 
where h* is defined in (G). Then h is independent of k and Theorems 1 and 3 axe 
valid for this function A. In particular from the coroUaiy to Theorem 1 it follows 
that 

TK{x) = kThix) = -i7t(a:)(J + 0(;;"^)) = A,{a;)(l f 0(ifc-^)). 

Hence 

r 

As the Jacobian of the mapping F is equal to k-\x) the last equality can be 
rewritten in the form 

\\M\=-{ J \g.iO)\^dsY/\i + Q{k-^)). 

Sr.-i 


12 









This sad the first of the relations (4) lead to (7). 


As we already mentioned Theorem 4 is valid if A = If we miiltipiy 

boundary function hhy k then function / is multiplied by k as well. Hence Theorem 
4 is valid if h ~ A« and thercfcie 

J j \K{p-H)\^K~\F-‘H)a{e)d90^0{k-^)). 

5n.-i fH-l 

From here and (G) we obtain 

j \n^a{«]d» = I j |5,(«)P<.(«)d»(l + 0(*--')). 

^K-l 5*»-l 

This and the second of the relations (4) lead to (8). 

Thus, the main theorem is proved. 
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A method for recoostructing the shape of a bounded impenetrable object from mea¬ 
sured scattered field data is presented. The reconstruction algorithm is in principle the 
same as that used before for reconstructing the conductivity of a penetrable object and 
uses the fact that for high conductivity the skin depth of the scatterer is small, in which 
case the only meaningful information produced by the algorithm is the boundary of the 
scatterer. A striking increase in efficiency is achieved by incorporating into the algorithm 
the fact that for large conductivity, the contrast is dominated by a large positive imaginary 
part. This fact together with the knowledge that the scatterer is constrained in some test 
domain constitute the only a priori information about the scatterer that is used. There 
are no other implicit assumptions about the location, connectivity, convexity or boundary 
conditions. The method is shown to successfully reconstruct the shape of an object from 
experimental scattered field data in a "blind” test. 
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1. INTRODUCTION ' 

The present paper describes a successful example of the reconstruction of the shape of a 
scattering object from experimentally determined scattering data. In contrast with other 
inversion methods, the reconstruction is accomplished from real rather than synthetic 
data, so there is no chztnce of even inadvertently committing the "inverse crime” of using 
the same numerical method in the inveri^ion algorithm as is used for solving the forward 
or direct problem to produce the synthetic "measured" data. The possibility of favorably 
prejudicing the outcome of the inversion algorithm was eliminated by a "blind" use of 
the measured data in the inversion algorithm; that is, knowledge of the geometry of the 
object from which the scattered field was measured was not supplied to those running the 
algorithm until after the reconstruction was completed. 

The reconstruction algorithm is that described by Kleinman and Van den Berg [1], in 
which an iterative algorithm for the reconstruction of complex contrast profiles [2, 3] is 
adapted to reconstructing the shape and location of a perfectly conducting scatterer by 
making the assumption that the unknown contrast is essentially non-negative imaginary, 
'i'he experimental data were obtained on the Ipswich Test Range of Rome Laboratories 
[4]. 

II. DESCRIPTION OF THE METHOD 

Assume that a two-dimensional conducting obstacle D is irradiated successively by a 
numbe’’ (j = 1, • ■ ■, J) of known incident fields with the electric-field vector parallel to the 
cylindrical object (TM-case). For each excitation, we then have a scalar problem and the 
incident electric-field component is denoted as auid the total electric-field component 
is denoted as xij. For each excitation, the direct scattering probiem may be reformulated 
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a^i the domain integral equation 

•- ^j(P) ~ <^DXUjip) = u;~, peD, (1) - 

where 

*^DX'h-(p) '= C^(P. Q)xig)u:iq)dvq, pG D , (2) 

and 

0{p, q) = . (3) 

Here, k is the wavenumber, x is taken to be equal to for real f ((f* o/ujeu), and 
p and q are two-dimensional position vectors. G{p,q) is the free-space Green’s function 
in two dimensions. Go is an operator mapping L'^{D) (square integrable functions in 
D) into itself. If 5 is a surface enclosing D then the scattered electiic-field component 
s= Uj - u'j'‘ on S, is given by GsX'^i where Gs is the same operator defined in (2), 
except the field poirvt p now lies on Hence Gs is an operator mapping L‘^{D) into 
L'^{S). We assume that is measured on S and denote by fj{p)y ptS^ the measured 
data for each excitation j, j = 1, • • •, J. The conductivity reconstruction problem is that 
of finding x for given /j, or solving the equations 


GsX^iip) = fj{p), ^€5, ; = 1, (4) 

for Xi subject to the additional condition that uj and x = satisfy (1) in D for each j. 
Specifically we use the iterative construction of sequences {u;,„} and {(■„} as follows: 

^j,n ~ 1 d* (XnV , — ^n—1 d" n = 1, 2, • • ■ . (5) 


For each n, the functions Uj,„ and are update directions for the functions and 
respective^ while the complex parameter a„ and the real parameter are weights to 
be determined. The residual errors at each step in the state equation and data equation 
are defined as 




= U, 


- L 




Pj,n — fj ^GsCn^:,n , 


( 6 ) 
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The constants a,, and /?« determined by minimiziujf the vaKje of the cost functional 




ival 




( 7 ) 


in which 


Wo 


E ii^r 112.) 

,j"t / 



(S) 


where the subscripts S and D are included in the norm || • |1 in to indicate the domain 
of integration. Substitution of Eqs. (5)-(6) in the cost functional of Eq. (7) results in an 
expression involving terms determined at the (?i—l)-st step, the directions Cn 3,ad 
and the two parameters a,; and /£?,». Once the directions and are chosen, we have a 
nonlinear expression In f);,, and dn- The values of the parameters ocn and /?„ are determined 
by requiring F„ to be a minimum. Minimization of the quantity Fn is accomplished by 
solving this uou-linear problem in o,, and using a standard conjugate gradient method. 


The update directions Un and are chosen as the Polak-Ribiere conjugate gradient 
directions os in [1], namely 


'j.n " 9ln + and , 


( 9 ) 


where 


Jlisln > 9ln-9ln-l)D 
Tn — —J-and = 


IZibln-lIlD 

r--.i 

and the gradients are given by 


« _ (gn . 

llgtillD 


sin = ^D(rj,n-J H- iCLl^DO.n-l) “ ^^sCn~l^SP:,n-l 


( 10 ) 


( 11 ) 


and 


= 2Cn-iIm 


j . 

wo -Ws 2 ^ ^j,n-i^Spj,n-i 

j-l jsl 


( 12 ) 


The operators Zjd and Gs are the adjoints of Go and respectively, mapping L'^iD) 
and L^{S) into LHD). 
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The initial estimates Uj,o and {o are chosen as iu [1] to be 

Ujfl = 4- Gowjfi , 


where 


and 


^ < fk, G.rGsfk >S 

■uj.Q - - ^ 

fc=l 




/^ {ImKoUj.o]P \^ 


j 

I 

;=1 




III. EXPERIMENTAL SETUP 


(13) 


(14) 


(15) 


Here we describe how the field scattered by the mystery object was measured and 
calibrated for the reconstn’.ction. The measurement frequency was 10.0 GHz, thus the 
wavelength (A) was 3 cm. Bistatic scattering measurements were made in a plane perpen¬ 
dicular to the axis of the cylindrical object, 30 cm (10 A) in length and the measurement 
plane intersected at mid length. For convenience, a Cartesiam coordinate system was ori¬ 
ented with z along the cylinder a.\is, and measurements were made in the (i, y) plane. 
The measurement configuration is shown in Fig. 1. The scattered fields were collected 
for incident augle.s of = {0,3,10,15,20,4.3,60,90} degrees, over the observation sector 
0 < < 359.5® with a sample spacing, = 0.5®. 

The object and transmit antenna were fixed for each <(>' and the receive antenna was 
rotated on a semi-circultir arc about the object from back scatter to forward scatter record¬ 
ing the total field coincident with the receive antenna polarization. A second measurement 
was made with the object removed. This background field ineeisurement was subtracted 
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from each of the total-field measurements to obtain measured data proportional to the 
scattered field. The range from the transmit antenna to the object w^ls 3.7 m and the 
range from the object to the receive antenna aperture was 2.8 m. Both the source and the 
probe antennas had circulcir apertures 15.24 cm in diameter. With these measurement 
ranges and antennas, the object illumination was uniform in magnitude to within 0.2 dB 
along the x direction and 1 dB along the z direction. The illumination phase taper over 
the object was approximately 10* and 50* in the x and z directions, respectively. We note 
that both the end sides {z — ±15 cm) of the finite cylindrical object were illuminated 
quite strongly and therefore one might expect the measured scattered field would'contain 
an undesirable diffraction from the edges of the end sides. However in thi.s experiment the 
planes of incidence and observation were always normal to the z axis, which insured that 
the scattered field was dominated by the specular response and the diffraction from the 
two truncating sides, being much less, was not observable. Thus, the meeisured scattering 
from the finite cylindrical object was very close to that from an infinite cylindrical object. 

The measurement system used can only scan over a 190® bistatic angular sector. This 
means that in order to get scattering data over a complete 360* bistatic observation sector, 
two measurement runs had to be made for each incident direction, one measurement 
run to cover the observation sector, — 5® < < d’ + 185*, and the other to cover, 

(j)' + 175* < < o’ + 365*. The data from each measurement run must be independently 

calibrated and then spliced together to make a complete data set. In this experiment 
coverage of the first observation sector for every incident angle of interest (except <i>‘ = 0), 
was accomplished by measurements made in March 1990 . The second observation sector 
was obtained for all incident angles of interest (except f' = 90°), by measurements made 
in October 1991. The instrumentation radar used in the October 91 measurements was 
more sensitive than the radar used in the March 90 measurements so that the .March 
90 portion of each complete data set had an uncertainty significantly greater than the 
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October 91 portion. In addition to a variable uncertainty each data set contained a 
sector of completely erroneous scattering centered about the back-scattering direction 
{4>' — 5® < <^* < + 5®) caused by the interruption of the object illumination when the 

receive antenna passed between the transmit antenna and object. For each measurement 
run we filled in the erroneous back-scattering region by extrapolating the complex data 
on -f- 5® < < <?ii‘ •+■ 185®, using a least squares linear prediction algorithm [5]. 


The raw scattering data resulting from the phasor subtraction of the total-field and 
background measurements, has a magnitude proportional to the object scattering cross 
section per unit length, and a phase proportional to the phase of the scattered electric 
field referenced to the center of rotation of the bistatic positioner. Aligning the object 
so that its symmetry axis coincides with this rotation axis is practically impossible. Our 
calibration procedure must compensate for the phase error caused by this misalignment 
in addition to calibrating the magnitude. We calibrated the scattering from the object 
by the following procedure. We computed a point calibration phasor, 

TT 




(.16) 


2A 

In (16), F“^(<^*) is the measured scattered pattern of the object for a particular- mea¬ 
surement run, and is the far-field scattering pattern computed for an infinitely 


long cylinder that approximates the present object, but with its symmetry axis at the 
z axis. From the calibration phasor we compute an average calibration factor, 'to, and 
three constants, a, 6, and c. The average calibration factor is defined as 

5®)| , (17) 

whea'c,' N is the number of data points in the given measurement run excluding the 
erroneous data in the 10® back-scattering sector. The three constants are determined 
such that they produce the best fit (in the least square sense) to the expression. 


arg ((?i'’)] = a 4- bcos{<p‘ + c) . 


(18) 
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This curve fittiag step is needed to correct for the inisaligaineat phase error (see [4] for 
a more thorough discussion). With those four constants computed for each measurement 
run the calibrated scattering cross section per unit length, was calculated from 

the relation, 

= 'I^oi"**P(fl^')exp{-i[a + tcos(./i* + c)]} . (19) 

In this way we have arrived at experimental data that belongs to the object with the 
symmetry a>:is coinciding with the z axis. We note that this procedure was necessary, 
because we have only angles of incidence in a quarter plane, and using the symmetry, we 
can obtain scattered data from angles of incidence in the full plane. These experimental 
data axe recalibrated for use in the inversion algorithm as described in the next section. 


IV. RECONb^TRUCTION 


The measurement surface S is chosen to be a circle containing the test domain. We 
assume that the radius of this circle is large enough so that the far-field approximation of 
(4) may be employed, and the far-field coefficient is the quantity of interest so that the 
dependence on the radius is removed. In that case the data may be written as 


IAp) 



cxp{ik\p\ -i~)fj°ip ), 


( 20 ) 


and the data equation (4) may be replaced by 


f exp{-ikp ■ q)x{^l]uj{q)dvq - f°°{p ), p 6 5 , (21) 

J £? 

where p is thv=* unit vector in the direction of observation and S now denotes the space of 
these unit vectors, the unit circle. Further, are the measured far-field data. In the 

examples, we take from the measured far-field data the values at 36 angles equally spaced 
around the object (the domain 5 consists of 36 discrete points pj). In the experiments 
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only 8 excitations are carried out. The incident fields are approximated us plane waves 
incident at an angle of 0, C, 10, 15, 20, 45, ^0 and 90 degrees with the s-axis, respectively. 
To obtain scattered-field data from incident waves distributed around the object, we take 
advantage of the a priori infonnation that the mystery object is symmetric with respect 
to the planes a = 0 and y = 0. Doing sc we obtain scatteied-field data from 28 excitations 
' {J = 28). 

We further have a priori information that the mystery object lies imside a circle with a 
radius of 0.060 m and the frequency of operation is 10 GH^. We therofore will assume that 
the object is located iuside a test square divided into 63 x G3 subsquares of 0.002 x 0.002 
m’. The discretized version of the algorithm is discussed m [1]. 

Caiibraiioii 

To test the computer code, we first run the algorithm for synthetic data obtained in 
the well-known problem of scattering of a plane wave by a perfectly conducting circular 
cylinder with origin at the center of the test square. We employ the same angles of 
incidence and data point t as used m the experimental The analytic .solution in 

terms of Bessel functions has been employed. The data are denoted as 

/-'(p,):=/“(p,), . 7 - 1 , •••,28, /-I, •••,36. (22) 

The '■adius, o, of this circular cylinder is O.Olo m. The wavelength is A = 0.030 m, so that 
ka = X. We have seen that our scheme indeed reconstructs the location and the shape of 
a perfectly conducting cylinder by reconstructing the imaginary contrast at the boundary 
[ll. However, the reconstructed contrast at the boundary becomes highly oscillatory after 
a couple of iterations. The peaks appear to increase with the number of iterations and 
it becomes difficult to choose the level value of tbe contour that estimates the boundary 
of the object. The visualizaiiou of the boundary of the object is improved when we 
impose an upper bound to the reconstructed contrast. If at some point in the iteration 
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the reconstructed Cn is larger, than. Cmoxi the contrast is replaced by Cmur- Id our example 
we take (nax = !• Some surface plots of the reconstructed profile? (the inaaginary part of 
the contrast, Im[x| =• C*) ItODi the synthetic data of the circular cylinder are presented 
in Fig. 2. The result at 32 iterations has also been presented in Fig. 2a, where we have 
plotted the boundaries of the test domain and the contour lines C = I- exact location 
of the boundary of the object is indicated by the dashed circle. The asymmetry of the 
choice of the incident angles of excitations is clearly visible in the -econstructed boundary. 
We observe that the boundary is located with an error of the sample width. 

Next we measure experimentally the scattering from a circular cylinder with the sarnie 
dimensions. These data are denoted as j = 1, • • •, 28, / = 1, ■ • •, 36. To calibrate 

an overall phase shift between the definition of the phase of the measurement data and 
the one defined in the reconstruction scheme (and to some extent the amplitudes), we 
assume that the measured signal is correct apart of a multiplicative complex factor and 
enforce the data to be 




(23) 


The constant C is determined from the analytical data pertaining to this object by min¬ 
imizing the deviation 

J 36 28 


Z «/""(?) - C /:“'(p)lls = £Z l/r'tfl) - C /“'(A)!’ , 

;=:l J=1 i=l 


resulting in 


C = 


z z ff'^lp,)fr(P0 

js=l i=i l=ii 


Eii/r'(p)ii 


36 23 

J = 1 /=! 


(24) 


(25) 


where the overbar denotes complex conjugate. After substitutioii of the resulting nuiner- 
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valu^ of C into the deviation of Eq. (24), we found that 

-3 

-5-= 0.079 , (26) 

E ll/r''(P)lll 

i=i 

that is, a mean square deviation of about S %. Using these recalibrated data, we run 
the inversion algorithm. Some surface plots of the reconstnvcted profiles (the imag.;nery 
part of the contrast, Im[x] = C^) iroin these calibrated experimental data of the circular 
cylinder are presented in Fig. 3. The result at Z"/' iterations has also been presented in 
Fig. 3a, where we have plotted the boundaries of the test domain and the contour lines 
C = 1. The reconstruction from our experimeutal data is not very different from the 
reconstruction using the synthetic data. 

Mystery object 

Obseri^ing that our reconstruction of the circular cylinder was successful, we now 
continue, to reconstruct a mystery object from experimental data. The experirnents.1 data 
from this mystery object '.vere first multiplied with the complex constant C, computed 
by minimizing the global deviation between analytical and experimental d 0 .xa from the 
circular-cylinder case. This ensures that an overall phase shift between the one defined 
in the measurements and the one in the reconstruction scheme is corrected. We then run 
the inversion algorithm and the results of the reconstniction are showm in Figs. 4 cind 4a. 
It clearly shows that the myster}^ object is probablj' a strip of about a width of 12 cm 
f..ud a thickness of less than or equal to 4 mm. 

Finally, we sbovv in Figs. 5 and 5a, the reconstruction in a larger test domain, divided 
into 63 X 83 subsquares of 0.004 x 0.004 m^. The result of the reconstruction, using this 
coarser grid, is consistent with the previous result. 

After this reconstruction, the mystery w>rs revealed to those running the reconstruction 
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algorithm: th*; object is a 10 A long (30 cm), 4 A (12 cm) wide and G.i06 A (0.32 an) 
thick jduminum plate- Obviously, the cross-sectional dimensions of the mystery object 
that are obtained from the reconstruction results are very close to the real ones. 

In order to show the quality of the measurements, we have computed the far-held 
data of the infinitely long and infinitely thin strip using the eigenfunction expansions 
described by Asvcstas and Kleinman [6]. In Fig. 6 we compare the computed results of 
the strip with the measured results of the plate for one incidence direction (</>’ = 10*). 
Notice that the measured scattering from about 5® off back scatter ( 0 * = 15*) to about 

= 190* is noisier than the remainder of the curve. The noisy sector corresponds to 
the measurements made in March 1990. In addition notice that the measured curve near 
di* — = 10®, is fiat and does not match the exact curve. This is the back-.scattering 

region that contains the extrapolated data. 


V. CONCLUSIONS 

Thi.’ paper presents definitive evidence of the effectiveness of the modified gradient 
Inverse scattering algorithm in reconstructing the shape of a perfectly conducting cylin¬ 
drical object of arbitrary cross section from scattered field data. In earlier papers it was 
shown that the algorithm v ^as effective in reconstructing the contrast of penetrable ob¬ 
jects, the boundary'’ of impenetrable circular cylinders, and was stable wirh respect to 
white noisj. All previo\is tests were perfonned with synthetic, i.e. computer sirraiiated, 
scatteri.ng experiments and thus were not free from the possibility that they ■were tainted 
by an "inverse crime” of somehow using knowledge of the scatterer to favorably influence 
the reconstruction. The present results show conclusively that the algorithm will yield 
a successful reconstruction when the data are obtained experimentally and the shape of 
the object was not known before the reconstruction was completed, thus removing any 
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question that an "inverse crime”, however inadvertent, was committed. These results 
describe only one scattering experiment and additional experiments a>.e needed, not only 
to reconfinn the present results, but also to test the effectiveneis of the reconstruction 
algorithm for penetrable scatterers. 
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Grant-0230/88. 
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CAPTIONS OF FIGURES 

Fig. 1. Schematic diagram of the automated swept-angle bistatic measurement system. 

Fig. 2. The reconstructed imaginary values of the contrast from synthetic data. 

■'])' ,?a. Comparison between the reconstructed boundary and the exact one (synthetic 
data, n = 32). 

Fig. 3. The reconstructed imaginary values of the contrast from experimental data. 

Fig., Comparison between the reconstructed boundary and the exact one (experimental 
data, n = 32). 

Fig. 4. reconstructed imaginary values of the contrast of the mystery object (dimen¬ 
sion of U^t uo.Tain ~ 0.126 x 0.126 m^). 

Fig. 4a. '‘ He reconstructed boundary of the mystery object (n =: 32, dimension of test 
domain — 0.126 x 0,126 m'^. 

0 . The reconstnicted imaginary values of the contrast of the mystery object (dimen¬ 
sion of test domain = 0.252 x 0.25^ jh^). 

Fig. S?;.. The reconstr’cted boundary of the my'^tery object (n = 64, dimension of test 
domain = 0.252 x 0.252 ra''*)- 

Fig. 0 . Biststic scattering Horn the 4A strip illuminated 10® olF gi’aziing. 
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Abstract 


The present paper contains the low frequency expansions of solutions of a large 
class of exterior boundary’’ \'alue problems involving second order elliptic equations 
in two dimensions. The differential equations must coincide with the Helmholtz 
equation in a neighborhood of infinity, however they may depart radically from 
the Helmholtz equation in any bounded region provided they retain ellipticity. In 
some cases the asymptotic expansion has the form of a power series with respect 
to and k^{hik -t- where k is the wave number and a is a constant. In 
other cases it has the form of a power series with respect to k^, coefficients of 
wliich depend polynomially on In k. The procedure for detennining the full low 
frequency expansion of solutions of the exterior Dirichlet and Neiunann problems 
for the Helmholtz equation is included as a special case of the results presented 
here. 
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Introduction and Formulation of the Main Results 


Let f2 be an unbounded doraain in with compact infinitely smooth bouadaxj’' 
r, let 


ijsii 


*=.•1 


dxi 


be an elliptic operator of the second order (that is the matiix (ni;(*t)) is nou- 
siugular) with infinitely smooth coefficients in tt and a.ij{x) real N?alued and let A 
coincide with the Laplace operator A in some neighborhood of infinity. Denote by 
u, a solution of the problem 

/ Au H- k^u = /, X e. Q ^ 

\ i?u = 0, xeT 


where B is either the identity (Dirichlet boundary condition) or the following op¬ 
erator 

Bu = ^ Ap{x)^-hq(,x)u. (2) 

Here ^ ^ is the derivative along the cononuai vector (n = (n j, nj) 

i.j=i ^ 

is the unit vector which is normal to F and directed into D), is the derivative 
along r,p ,5 € C”. Finally denote by 

Rk^ : LsCfi) Ixak > C! 


the operator which tahes functions / 6 into solutions of problem (1) belonging 

to the Sobolev space 

With a an arbitrary constant we define a cutoff function x — X(^) € 
such that X — I when |rj < a and x “ 0 when |x| > a -I- 1. Then a restricted 





resolvent is defined as 


Rk := xRkX : L2(n) - HH^). 

The operators Rk, Rk are defined and are meromorphic functions of k when Jmk > 
0. Moreover the operator > 0, has a meromorphic continuation on the 

Riemann surface of the function Ini (see [15])- Let us stress that Rtf = xRkf if 
/ = 0 for ]z] > a. In this case the function u = Rkf is a solution of (1) for jil < a. 

The present work is devoted to the study of the asymptotic beha\’ior of the 
operator Rk (that is of the solution u = Rkf, III < a of the problem (1) with / = 0 
for |z| > a) as i —► 0. We consider only the two-dimensional case, since in other 
dimensions the asymptotic behavior of the solution of this problem is much simpler. 
For example, if the dimension is odd the solution is meromorphic in k in the entire k 
plane [see 13]. The two-dimensional problem was studied in [1] - [18]. In particular 
the latest results were obtained in [16]. There the problem was supposed to be 
formally self-adjoint (i.e. iAu,v) = {xi,Av) for functions u,v € satisfying 

specified boundary conditions) and nonpositive, or to be more exact it was supposed 
that 

{Au, u) < ~a j jVuJ^dx, a > 0 for all u € C^(fi) with Su]r = 0. (3) 

n 

Here (•, •) denotes the inner product in For this case [16] gives the asymptotic 

behavior of the solution u = u* of the problem (1) with accuracy O(k^). 

However more than ten years ago, in [15], there appeared results of one of 
the present authors concerning the low-frequency asymptotic behavior of solutions 
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of general elliptic problems of any order polynomially depending oh the spectral 
peu’ameter. Those results apply to problem (1) and allow one to obtain the full 
a^jmptotic expansion of the operator as |X*j —* 0. This exparsion has the form 

msO naO ' 

where a is an integer, ^ is a non-negative integer. P is a polynomial with constant 
coefficients, and Pm.n ■ Li{0.) —* H^{Q.) are bounded operators independent of k. 

This expansion is meaningful in the sense of the operator norm, that is 

iifi,/ -1--’* £ Eip^r £ 

where .V is arbitrary’, s s £(.V -r 1) and c is independent of k. 

The integers a and i and the poltmomial P are not known in general, even for 
equations of 2nd order. It is the purpose of the present work to specify the precise 
form of expansion (4) for solutions of two restricted cases of problem (1). 

Case 1. The space of bo' mded solutions of the homogeneous problem 

Au = 0, X e H: Bu =* 0. x G T (5) 

CQusists of only the trivial solution. 

Case II. The srace of bounded solutions of (5) is one dimensional and if u is a 
nontrivial solution then 

lim u(x) 5 ^ 0. (6) 
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and the formal axijoint to problem (5) (see (16) below) also has a bounded solution 
with property (6). 

The exterior Dirichiet problem for the Helmholtz equation is an example of Case 
I while the exterior Neumann problem for the Helmholtz equation is an example of 
Case II. 

It is well known that if u is a bounded solution of Laplace's equation in a 
neighborhood of oc then for r sufSciently large, u has the form 

OO 

u(j) = Co + y' {on cosnip + bnsiuntp)r~'' (7) 

nmO 

In particular this representation is valid for boimded solutions of problem (5) and 
of problem (1) with ^ = 0if/=:0ina neighborhood of infinity. Therefore, 
condition(6) is equivalent to the requirement that Co # 0 for such solutions. 

The conditions embodied in Cases I and II are less restrictive than those used 
in [16]. If condition (3) required in [16] is fulfilled then together wnth (7) it follows 
that there are only constant solutions of problem (5). This means that either Case 
I or Case II apply. In our work we do not require nonpositivity, condition (3), nor 
do we require that the problem be self adjoint. Moreover we obtain not only the 
first few terms as in [16], but the complete asymptotic expemsion of the solutions. 

Unlike [16] we consider (for simplicity) only the problems in which the boundary 
and coefficients of the equation are infinitely smooth. 

The main results are contained in two theorems which are presented in this 
paper. Let a be an arbitrary fixed constant such that F is contained in the circle 
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|i| < a — 1 and / = 0 when (xj > a. Lee = f2 fl {x : jx] < a} and .4 = A when 
|x| > a — 1. Let £ 2 .a be the space of functions which belong to £ 2 (S^) and are equal 
to zero when |i| > a. In particular, / € £ 2 , 0 - 


In Case I we denote by uo, ui, 1 x 2 the solutions of the problems 

r Auo * /, X e n 

\ Buq = 0, X 6 F; juoj < 00 as r 00 

f w4ui = 0, X (S ft; 

jBui = 0, X € F; jui — larj < 00 as r 00 

( AUi as 0. X € ft 

\ Bu2 —0, X f-V; ju 2 + ^ajzi + §61X2! < 00 as r — 00 


( 8 ) 

( 9 ) 

( 10 ) 


where oi,are the coefficients in the expansion (7) for uq. We will show that the 
uniqueness of the solution of problem (8) leads to the solvability of this problem. 
.4.fter we have established this, we can easily infer the unique solvability of problems 
(9) and (10) by reducing them to problems of the form (8). This is accomplished by 
writing the solutions Ui and Ui of problems (9) and (10) in the form uj — tphir + wi 
and U 2 =s -•^(cixi 4 b\X2)^ + tn 2 , where = V'(x) is a cutoff function which is 
equal to one for ixl > a and equal to zero in some neighborhood of F. Then the 
problem of finding w,- is of the form (8). Moreover since the expansion (7) is valid 
for Wi, in particular the constant 


Ao = lim (ui — Inr) 

r—*00 


( 11 ) 


Is defined. Finally, we denote by d the constant which occurs in the asymptotic 
expansion of the Hankel function of the first kind and order zero: 

= ~(lnx -3) + O(z^lnx), z 0. 

TT 
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With this notation established we now state the main results. 


Theorem 1. In Case I for the solution u = Rkf of problem (1) with f e L^^ai ihe 
following asymptotic expansion is valid when — f < argA: < |it| —♦ 0 : 

N m m —fi+1 

“ = Z Z Z - Ao - (12) 

m~0 Ti=0 pssO 

where Um,n,pix) are independent of k and 

< C(a)l*2lnfcr+^l|/lU„,. (13) 

The leading terms of the asymptotic expansion have the form 

u = uo(i) + + O(i^) (14) 

where uoitii,U 2 are the solutions of problems (8) - (10) and Co = lim uo(ar). 

Remark: In fact the corresponding expansion for the operator Rk converges in the 
operator norm for 0 < l^rj < [fcol for some Hoj > 0 and therefore the infinite series 
for u{N = oo) converges in fl’^(f2o). 

In Case II let us denote by vo the solution of problem (5) such that 

lim vo(x) = 1. (15) 

r—*00 

Let the problem 

A*u = 0, X € fl; B‘u = 0, i e T (16) 
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be formally adjoint to (5), that is, the operator *4* can be obtained from A by 
substitutinj^ for bi and c - ^ for c. 1£ B = I then B” ~ I, if 3 has the form 
(2) then S* has the same form with p instead of p and —1| — $ + ^ B,(r)ni instead 
of ?. If u, u € C®®(Q), and Bu = B‘v = 0 on F then 


/ 


Auvdx 


f _ f , du dv , 

= / uA*vdx + j ~~ R> a. 

Or r*sR 


(17) 


We will show that the space of bounded solutions of problem (16) in Case II is also 
one-dimensional and there exists a unique solution v» of problem (16) such that 

lim v.{x) = 1. (18) 

r—oo 


Let us denote by Ui the solution of the inhomogeneous problem (5) (that is the 
solution of problem (1) with k = 0) such that 

vj - 0 !(lnr -^)-*0as r-»oo (19) 


where a = a(/) is constant. We will show that in Case II such a solution exists, is 
unique and 


a 



( 20 ) 


Theorem 2. In Ctue II for ihe ichtion u = Rkf of problem (1) with f € Ls.ai ike 
following (itympioiie expansion is valid when ~*f ^ oxgk < li| —♦ 0 ; 


N 2 ni-H 

« = 53 Z u„,.„(i) -hu// (21) 

mmO rtsO 
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where Um,n are independent of k and 

l|5wll«"(a.) < (22) 

The leading ierma of the asymptotic expansion have the form 

u = aln/:vo(i) + Vi(x) + O(k^hi^k), jfc| --+ 0 (23) 

where a is defined in (20J. 

If uu = 1 then it^.n = 0 for n > m + 1. 

Remarks. 

(1) The remark following Theorem I also applies here. 

(2) It is not difficult to write out the sequence of problems similar to (S) - (10), 
firom which we can find all the coefficients in the expansions (12) and (21). 

(3) In the present work we have assumed that the data / is independent of k. In 
many applications, of course, / will be a known function of k. In such cases 
when / may developed in a series in k the present analysis will still apply. The 
result will be the product of the expansion of the inverse operator, Rfc, with 
the expansion of /. 


9 






II. Proof of the Theorems 


Let us denote by 77 a particular function which, is infinitely smooth, equal to 
zero for |r| < <3 — 1 and equal to one for |x| > a — We will assume that a product 
of any function in by 7 or by a derivative of 77 is defined in JR^ and is equal to 
zero in JR^\C1 (where 77 = 0). For any smooth u let us denote by g the following 
function 

^(u) = 5 (u)(x) = UA 77 + 2(Vu, V 77 ), (24) 

It is ob\*ious that the support of this function belongs to the annulus a — 1 < |i| < 
a ~ L. We will denote by * the convolution in ]R^. 

We need the following three lemmas in order to p^ove Theorem 1 . 

Lemma 1. For the solution u = Rkf of problem (1) and x € if? there are the 
following representations: 


\H^"\hr)*g{u) if/€l 2 ,a-i. 

(25) 

^LrJ^^(fcr) * [y(u) + 77 /] if / e i 2 ,a. 

(25') 


Proof. Since .4 = A for |i| > a — 1 we have firom (1) that (A + ifc^)u = / for 
|x| > a — 1 , Therefore 


(A + ic^)r]u = g(u) -i-rjf, x e 

where the right side has compact support and 77 / — 0 if / € La.a-i- Representations 
(25), (25') follow directly. This establishes the lemma. 
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If we replace HQ^\kr) in (25) by its asymptotic expansion as f^| —*■ 0. for r 
bounded we obtain the following: 

Corollary. /// £ I' 2 .a-i \k\ -+ 0 then 

Tju = [;^(lnfc + Inr — 0) + 0(l:^lnfc)] * g(u) (26) 

and also 

rfu = [j^(lnA + Inr — ;3) — -^r^k^hik + Oijc^)] * g{u). (27) 

25r off 

Next we establish the solvability of problem (8) which as discussed previously also 
ensures the solvability of problems (9) and (10). Moreover we also provide the 
leading term in the expansion, (4), of the solution of problem (1). 

Lemma 2. In case I problem (8) is solvable and the following expansion is valid 
for the solution u = Rkf of problem (1) with f € L2,a 

« = uo + r-^ - 5 Ui(x) + O(Pln^fc), X G Jla, -t 0 (28) 

in/c — Aq 

where uo, tii, Ao, Co,are the same as in Theorem 1 and is an integer. 

Remark: The form (28) is based on the general expansion of the inverse operator 
(4) and hence the order symbol is tised in the seiise that 


The order symbol for solutions is used in the same sense throughout. 
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Proof. From (4) it follows that 

I(^ ^ 0(P*+2in-^fc), xeCl^, k~*0 (29) 

where s is an integer (not necessarily positive), i is a polynomial with constant co¬ 
efficients and (5 is a polynomial, not identically zero, whose coefficients are functions 

of X. 


It is convenient here to assume that / e Ij.a-i but not Since a can be 
chosen as large as we wish, this is not an additional restriction. Let us prove that 
5 = 0. Taking the limit in equation (1) as k 0 we can see that s cannot be 
positive. Let us suppose that s < 0. Then by equating coefficients of in both 
sides of equation (1) it follows that the function m ;= S satisfies 

Id 

-4m = 0, X € fia; Sm = 0, x 6 F. (' 30 ') 


On the other hand putting (29) in both sides of the equality (26) and equating the 
leading terms which contain the multiplier k'^* we obtain 


Tyu? - -f- Inr - ;3) * ^(u;), x G 


(31) 


Since the right side of (31) depends on values of m only when x e SI. formula (31) 
allows us to continue the function m to the whole domain Cl. As a result we obtain 
the function m in SI which satisfies (30) and 


+ Inr - i3) * g{w), x^a. 


(32) 
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Since -7 = 1 and 5 ^ = 0 for r > a — 5 we have from (32) that Aw = O-for r > a — 
From this and (30) it follows that u; is a solution of problem (5). On the other hand 
from (32) it follows that 

w — c(k){hxk + Inr — ^) —♦ 0, as r —» 00 (33) 

where 

c{k) = ^ J (34) 

SI 

Since w = ^ for x £ Qa and w is defined by (32) for r > a there exists an integer 
1 / and functiors wq, wi of x such that tt^o 7 ^ 0 identically and 

u; = tx)oln*'i + u;iln*’”^fc + 0(ln*'~^l:), k0 (35) 

Obviotisly wq is a solution of problem (5) because tx> is a solution. On the other 
hand putting (35) in both sides of (32) and equating the leading terms (of order 
and In^fc) of the asymptotic expansions, we obtain 

0 = y g(wo)dx (36) 

SI 

- 0)* ?(«'o) + y (37) 

SI 

From here it follows that wq —► constant as r —♦ c». Therefore u>o is a bounded 
solution of the problem (5) and it must be zero. This contradiction proves that 
s = 0 . 

Having established that s = 0, the same argument can be repeated, with s = 0, 
to show that u; = & Cla can be continued to all of f2 and (32) - (37) are fulfilled. 
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However w is now a solution of an inhomogeneous problem (problem (1) with k = 0). 
Since u> has the form (35) and is a solution of problem (1) with A: = 0 we may take 
the limit as k —* 0. This process produces a contradiction if z/ < 0 (i.e. 0 = /). 
Hence i/>0. I£;/>0 we multipy both sides of the equations by In” "A: and agciin 
take the limit as A: —» 0. We find that u»o is a solution of the homogeneous problem 
(1) with A: = 0. In addition we may conclude that wq is botmded using the same 
arguments used previously (c.f. (36) and (37)). Therefore wq must be equal to zero. 
This shows that j/ = 0 and Wq is a bounded solution of problem (1) with Ar = 0. 
This means that Wq = uq and therefore the existence of the solution uq of problem 
(8) is proved, hence, as noted previously, the solution ui of problem (9) also exists. 

Now recall that we have the expansion (29) with s = 0 in which the function 
u> = ^ is a solution of problem (1) with A: = 0 and satisfies (33) and (34). Then the 
function w — c{k)ui is a solution of (1) with A: = 0 which tends to c(A)(lnA: — Ao — /?) 
as r oo. It means that w — c(k)ui = uo and c(A:)(lnA; — Aq — ^3) = Co which can 
be solved for c(k). 

Thus we have shown that 

u = 10 + C(A:^ln"''A:) = uo + c(k)ui + 0(k^lxx‘'k). 

With the formula for c(fc), (28) is established and Lemma 2 is therefore proved. 

Remark. Since lOg = uq follows from (36) that 

y 9 {u<i)dx = 0 (38). 

n 

Lemma 2 gives the two leading terms of the asymptotic form of the solution 
of problem (1) in Case I. It is possible to obtain higher order terms in the same 
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way. In particular one can show that 7 in (28) is equal to one. However this result 
is a direct consequence of the complete expansion ( 12 ) in Theorem I which will be 
proven below. In order to specify the first three terms of (12) the general theorem 
yields a result of the form (14). To complete the proof that the coefficients in (14) 
are solutions of ( 8 ) - ( 10 ), we will need the following. 

Lemma 3. In Case I if tke constant 7 in (28) is equal to one then the asymjpiotic 
expansion (14) is valid. 

Proof. If 7 = 1 then from (4) and Lemma 2 it follows that 

u =uo + ^-^^‘ 1 ( 2 ?) + k^hiku 2 (x) + k^U 3 (x) + 0(k^]xi~^k), 

Infc — aq — p 

lil-^0 (39) 

where uo and uj are the solutions of problems ( 8 ) and (9) and U 2 (r) and U 3 (®) are 
functions independent of k. It remains to show that U 3 is the solution of problem 
( 10 ). 

Let us substitute (39) into (1) and equate terms of order k^lnk to zero since 
there are no such terms on the right hand side. We then have 

(Au2-o, xen«; 

( Bu2 =0, z G r. 

Further as in the proof of Lemma 2, we can assume that / G La, 0-1 • Now substitute 
(39) in (27) and equate the terms of equal order. In particular there is only one 
term of order and its coefficient must therefore vanish. Hence 








( 41 ) 


Equating the terms with k'^lnk we obtain 

1 1 If 

r}U2 = - jS) * ^(uj) - —* ^(txo) J 

As was done in the proof of Lemma 2, we can use (41) in order to continue the 
function txj on the entire domain Q. The extended function U 2 will be a solution of 
problem (5) and, wiU satisfy (41) for all x € fl. This is proved exactly as was done 
in the proof of Lemma 2. To complete the proof of Lemma 3 it remains to show 
that U 2 has the same asymptotic beha’dor when r —*■ oo as in (10). 

Since it follows from (40) that the first term of the right side in (41) decays as 
r —♦ oo it is enough to check that 

*^C^o) — diXi — iiXjl < C, r —»■ oo. 


We have. 


* gixio) = J \x- y\'^g(uo)dy = J ?(wo)dy-f 

- 2 ii J yig{uQ)dy - 2x2 j yigMdy + J |yp^(uo)dy. ( 42 ) 

JI* R» JK* 

According to (38) the first term in the right side of (42) is zero. Since the last term 
is constant it remams to show that 


/ xiy'(uo)<ix = aj, I X2giuQ)dx-bi. 

Zir J Zit J 




ZTt J 
R* 


(43) 


Since / 6 ia.o-i and A = A for r > a — 1 it follows from (8) that Aug = 0 for 
r > a — 1. Therefoi’C (see (24)) 

y(uo) = A(77 Uo) 
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Further, according to (7), we have 


^ cosw? , sm(,5 

uo = Co + ai-+ bi -+ 0{r ^r -* oo 

r r 


where tany? = f • Hence for jR > a we have, with Green’s thturem, 

2ir 

J Xig{Uo)dx = J XlA(r]UQ)dx - J (R^ COS<i>-—\rmR- RcOS<t>Uo\r»R)d<i> 

r<R r<R 0 

Taking the limit as i? —» oo and also taking (44) into account we obtain the £rst 
equality in (43). The second one can be established in the same way. Thus, Lemma 
3 is proved. 


Now we may proceed to the proof of Theorem I. 

Proof of Theorem 1. Let ^ € C'"(fl), ^ = 1 for r>a — 1, C = 0baa 
neighborhood of F. Let us denote by U the operator which maps the righthand side 
into the first two terms of the solution of problem (1), 


u : L2A^) - C7/ = uo + 


lak-Ao-^ 


where uo and are the solutions of problems (8) and (9). Further let us denote 
by the following operator (parametrix of problem (1)): 

: ^2.. - Kcm (46) 

= (£rh)(l - 7?) - * (giUh) + T7h)], h G Tj,. (47) 

Let Tis prove that for any h G Ls.o function ikh satisfies the following relations: 

j {A +k'^)ikh=i h + Tkh, x € /von 


B^kh = 0, 


X € r 
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where Tkh Li.t and 


lirkhlli, , < (49) 

Multiplying both sidei of (25') by C and taking into account that C'? = fj we have 

y^Rkh = - (giRkh) + r,h)] 

Hence the following identity is valid 

Rkh s (^*/i)(l - r?) - * (siRkh) + rjh)] (50) 

This allows us to est'mate the difference ♦th - Rkh. Using Lemma 2 and (24) it 
follows that 

ll(H*h ~ Uh)ll//>(n.) < Clk^ln'^fclllfelU,.., l^'l 0 (51) 

and 

ll</(^fch) - y(Uh)lU,.. < CIi^ln^l:||l/i|U,,., |fc| 0 (52) 

Moreover it is obvious, that for any / € Ls.a 

II - i5’(jtr) * /llH>(n.) < Clln^lil/IU,.., 1*1 0 (53) 

Subtracting (50) from (47) and ef timating the right side of the result with the help 
of (51) - (53) we obtain 

|l$i/i — ^fc*||H=*(n») — 1^1 ^ 
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and therefore 


IIM + - ftlU.in,, < tlllAllz,,.., |i| - 0 (54) 

Further for r > a — ^ the following relations hold 

T? = C = 1. A = A, ^ = 0. 

From these relations and (47) it follows that (A+l:^)4ih = h for r > a—j. Together 
with (54) it follows that r*h € ia,* and the estimate (49) is valid. Finally, since 
77 = C s 0 in a neighborhood of F it follows £rom the boundary conditions of 
problems (8) and (9) that the function (47) satisfies the boundary condition (48). 
Thus the relations (48) and (49) are established. 

Now we look for the solution u ^ Rkf of problem (1) with ImA: > 0 in the form 
u = with an unknown function h 6 is,a- It is obvious from its construction, 

(47) , that € •fl’^(fi) if lax* > 0. Hence, Rkf — if the function satisfies 

the differential equation and the boxindar 3 '’ condition of problem (1). According to 

(48) both will be satisfied if h + T** = /. Therefore 


and hence 

Rkf = x^kH -f f e Li,.. (55) 


where x is the cutoff function introduced in the definition of Rk. Let us recall that 
according to its definition, the operator U has the foDowing form 


17 = i7o + 


Co 

In* — Ao — 




(56) 
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where the operators Uo : fu,, U, : f ^ u, transform the function f into the 

solutions uo and Ui of problems (8) and (9) and the operators l7o and Ui do not 

depend on k. Further irom the asymptotic expansion of the Hankel function as 

l^-l - 0, which in fart is convergent, it follows that for / e Xj,, and \k\ sufficiently 
small 

Cl-^o ■* /] = k^K-ij + Ink ( 57 ) 

r-O jmO 

where Aj,Bj ; Xj,. — are bounded operators. PVom (56), (57) and (24) it 

follows that the operator (46) and (47), has the following convergent asymptotic 
expansion for |*| sufficiently small 




(58) 


where : Xj., are bounded operators, 3 «= 1, 2, 3. In (58) there is no 

term with coefficient *5^^ because 

~ J 

n 


and this function is equal to zero due to (38). 

Since 

Tk = (A + k^)<ik — I: Xj.B “♦ X2,a 
with (58) and (49) it follows that, for lArj sufficiently small 

Tfc = j(2) -1_^ 


(59) 
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vhere T* : Li,a j^ 2 ,a arc bounded operators and .s = 1, 2, 3. From (53) we have 


(j + Tfc)-* = £;(-rfc)‘'= X.' tl 

mJcO n+p^O 


i'kO 


(Ini - Ao - 


1'm,n,p 


The representation of the solution, (12), the estimate of the remainder,. (13), and 
the remark about convergence of the series are all obvious consequences of this last 
formula, (55), and (58). The expansion (14) follows from (12), (13) and Lemma 3. 
Theorem 1 is therefore proved. 


Now we pass on to the proof of Theorem 2. First we establish two additional 
lemmas. 


Lemma 4. In Case II the follovnng three assertions are valid: 

1) 2'he space of hounded solutions of problem (16) is onS'dimensional. 

2) There exists a unique solution u* of problem (16) for which condition (IS) is 
fulfilled. 

3) Problem (1) with i =* 0 and f 6 has at most one solution vi with asymp¬ 
totic behavior (19) at infinity, and if it exists then the constant oc in (19) has 
ilte form (&0), 

Proof. Obviously we can assume that the origin of coordinates belongs to the 

domain ll^\u and there exists tq > 0 such that the circle of radius ro belongs 

entirely to this domain. Let n,f be the images of f2,r and and B* be the 

,.s 

images of A, A*',B, and B” tmder the mapping r —*• ri =s Let 

r^^Au = 0, a; G Bu = 0, i 6 f; (60) 
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rf^j4*u = 0, X 6 Q; B‘u = 0, z e f 


(61) 


he the problems obtained from (5) and (16) respectively as a result of this mapping 
and multiplication of the equations by rj"*. The presence of the factor allows 
us to prove that problems (60) and (61) are adjoint. The proof follows. Since the 
Jacobian of the mapping is equal to rf ^ it follows from (17) that 



for any u, u € C*®(f^) such that u = u = 0 in some neighborhood of the origin and 
Bu = jB*u ^ 0 on f. Since A = A* = A in a neighborhood of infinity we have that 
r^^.4 = rC^.4“ = A in a neighborhood of the origin and the follo\ving two assertions 
are valid: 1) problems (60), (61) are elliptic problems with smooth coefficients, 2) 
equality (62) is valid without the assumption that u « v = 0 in a neighborhood of 
the origin, that is, problems (60) and (61) are adjoint. 

Since the coefficients of the operator A are real, problem (60) is homotopi- 
cally equivalent to the Dirichlet problem (if B is the identity operator) or Neumann 
problem (if B has form (2)) for the Laplace operator. Therefore the index of prob¬ 
lem (60) is zero and the dimensions of the spaces of smooth solutions of problems 
(60) and (61) are the same. Since the original operator A and its adjoint coincide 
with the Lapladaa in a neighboruciod of ixifinity, inversion establishes the one-to- 
one correspondence of the space of bounded solutions of the exterior problems (5) 
and (16) with smooth solutions of the interior problexius (60) and (61) respectively. 
Therefore.the dimension of the space of bounded solutions (5) rmd (16) is the same. 
Thus, the space of the bounded solutions of problem (16) is one-dimensional (as it 

o? 










is for problem (5)). The first assertion of the Lemma is therefore proved. 

Since we suppose that problem (16) has a solution with property (6) (the second 
assumption for case II) the second assertion of Lemma 4 follows firom the first one 
and formula (7). Finally we prove the last assertion of Lemma 4. From formula 
(17) for functions vi and r*, we have 

j /C.dx = J dSt R> a (63) 

fl* mH 

Since Aui = Aw, = 0 for r > a — 1 the expansion (7) is valid for the functions 
wi — a(lnr 0) and w,. Note that according to (19) the constant Co vanishes in 
the expansion (7) of the first of these functions. These facts lead to (20) if we 
take the limit in (63) as J? -+ oo. The uniqueness of the solution ui is an obvious 
consequence of (20), (19) and (6). This completes the proof of Lemma 4. 

Lemma 5. In case II problem (1) tviih k ~ 0 and f £ Lj.a * solution Wi with 
asymptotic behavior (19) at infinity (which is unique according to Lemma 4)^ The 
following expansion as k 0 is valid for the solution u = Rtf of problem (1) with 

f € 

u = (alnA:)uo + vi + 0(fc^ln”’'ifc), x € flo, k 0 (64) 

where a is given by (20) and j is a constant 
Proof. From (4) it follows that 

« = + 0(k^**^hi^k), X e flu, ifc 0, (65) 

L(lnA;) 

where Q and £ have the same form as in formula (29) and i/ is some constant. As 
was done in the proof of Lemma 2 we deduce first that ^ < 0 and if s < 0 then the 
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function u; _ f, X € fia, can be continued on the whole domain ^'in such a way 
that u; is a solution of (6) and satisfies (33). Hence the difference u; - c(ifc)ln.*t;o is 
a solution of (5) and satisfies (19) with a = c(k). From the uniqueness of which 
was proved in Lemma 4 it follows that u; - c(it)hiAvo s 0 and a = c(ifc) = 0. Hence 
u; = 0. Therefore, s = 0. Now we can repeat all the arguments concerning w and 
we obtain the expansion (65) with s = 0 in which the function u; is a solution of the 
inhomogeneous problem (1) with L' = 0 and (33) is fulfilled. This means that the 
function w - c(i)lnAvo is a solution of problem (1) with i = 0 which satisfies (19) 

with Q = c(k). We simultaneously obtain the existence of vi and the expansion 
(64). Lemma 5 is thus proved. 

Finally we are in a position to prove Theorem 2. 

Proof of the Theorem 2. In order to prove the theorem we have to repeat 
almost word for word the proof of Theorem 1 replacing Lemma 3 by Lemma 5 and 
the operator U by the following operator 

V : L2,a(Cl) -4 V/ = aln^uo + i>i 

where uq satisfies (5) and (15), satisfies (1) with fc = 0 and (19) and a is given 
by (20). Instead of (56) we have to use the formula V = alnifcVo + Vj, where 
Vof = Vo, Vi/ -.= ui. Therefore in place of (58) we obtain, for [fej sufficiently small 

OO QQ 

<5* = ^ -f- In/b ^ ^ ^ J^ 2 J^W 

/-O ' 

In place of (59) we have 


(67) 







( 68 ) 


and 


oo 


(1 + Tt)-^ •■= ^ 


miaO nmO 


Expansions (21) and (22) follow from (55), (67) and (68). Formula (23) is a coase- 
quence of (22) and Lemma 5. 

In order to specify the leading terms, (21) for the case Vo = 1 'ive must slightly 
change the operator We add the term (k^hi^k)Q to the operator (47), 
where 

Qf - ^0 = 

and a has form (20). It follows from (24) that ^(uo) = At) =: A(rj - 1), where 
77 — 1 € C^. Hence 

Qf [r^ # A(r/ - 1)] = —-[Ar^ * (r/ - 1)] = cmat • (C - 1) 

OTT OTT 

Hence the function Qf is constant in a neighborhood of T. Since Qf is a multiple 
of uo in a neighborhood of the boundary and vq satisfies the bound£uy condition 
of problem (1), Qf also satisfies this condition. Therefore the addition of the term 
k^lnfkQ to ik does not change of the steps of the proof of the theorem, but it 
does change the coetficients in the expansions (66) and (67). In particular it is not 
difficult to check that the operator which defined the leading term in (67) and 
had the form 

r;“V = A{-|i(r».5(t.o)l} 


now has the form 


* P(vo)], Uo = 1. 
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But it was shown that the convolution in the Icist formula is constant. Hence the 
operator is eijual to zero and instead of (6S) we have 

msO nsO 

This leads to the desired form of the expansion (21). Theorem 2 is therefore proved. 
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Abstract- Kelvin's well-known and Neumann’s lesser known image theories for the sphere, 
valid for static sources outside the sphere, are extended to low-frequency current sources 
involving a nondispersive dielectric, by expressing known field integrals as arising from 
suitable image currents. The image of a radial current element is seen to consist of a radial 
line current between the center of the sphere and the Kelvin point plus a dipole at the 
Kelvin point. The image of a transverse current element is a combination of a transverse 
current strip plus radial bifilar line current between the center and the Kelvin point. 
These image currents can be interpreted as image charges of the corresponding static 
problem in harmonic motion. The theory is tested by knowu limiting cases. 

1. rNTRODUCTION 

The well-known image theory of electrostatic charges outside a perfectly conduct¬ 
ing sphere was originally introduced by William Thomson (later Lord Kelvin) in 
one of his first studies as a young scientist in 1845 [1]. Kelvin’s image theory 
has since then been applied to problems of electrostatics, magnetostatics, and 
DC current problems involving perfectly electrically or magnetically conducting 
bodies with most recent contributions published in the present decade [2,3]. 

Extension of Kelvin’s theory to material spheres did not seem to have had a 
successful solution before a paper [4] of 1992 by one of the present authors for the 
dielectric sphere in electrostatics. However, it was recently found that a similar 
solution was given already in 1883 by Carl Neumann in an appendix of a book 
on hydrodynamics [lOj. Obviously, the solution has been dormant for more than 
a century and mest probably was never elaborated beyond its introduction on a 
couple of pages. The solution will be referred to as 'the Neumann image’ from 
now on. After its rediscovery, the theory has been extended to magnetostatics [5], 
layered dielectric spheres [6], ana two separate spheres [7]. Also, chiral and bi¬ 
isotropic spheres have been solved [8] in terms of image theory as well eis sources 
inside the sphere [9]. 
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In the electrostatic image theory of dielectric sphere the image of a point charge 
was seen to consist of a point charge plus a line charge with a simple analytic 
power-law expression, readily accessible to small-scale computation [4]. In terms 
of this theory, many problems involving spheres can be formulated in a simple 
manner with line image sources taking the place of Huygens’ surface sources or 
volume polarization soturccs in integral e<^uations. 

In the present paper, an attempt is made to extend this static theory to low- 
&equency problems involving a dielectric sphere. It is seen that, for a current 
dipole outside the sphere, an image current source can be found in the form of 
a line current and a bifilar line current. It is asstuned that such a theory can 
be utilized for time-harmonic problems where the basic static approximation is 
not good enough, i.e., when the radius of the sphere camiot be cousidered to be 
very small in terms of the wavelength. Further extension to spheres with lossy 
dielectric and/or magnetic permeability seems well within reach with the method 
given in this paper. 

2. THEORY 

We consider the electromagnetic problem of an infinitesimal time-harmonic cur¬ 
rent dipole outside a dielectric sphere centered at the origin. Fig. 1. The radius 
of the sphere is a and its permittivity CrCo, and the permittivity of the space 
outside the sphere is assumed to be Co without loss of generality. The perme¬ 
ability both inside and outside the sphere is assumed to be fio . For simplicity, 
the sphere material is p-oumed to be di.spersionless. The oirrent dipole lies at the 
point r' with jr'l > a and it is represented by the current function 

J(r) = u/i6{r-r'), (1) 

where the unit vector u gives the direction of the dipole and IL its moment. 
Another way to describe the dipole is in terms of the dipole moment vector p, 

J(r) =iwp5(r-r'), (2) 

whose relation to the current function is p = nJL/ju>. 

The electric charge at the ends of the dipole is represented by the charge density 
function 


p{r) = —. V£(r - r') = -p • V^(r - r') (3) 

—ju> ju 

At some stage we define the dipole to be on the cartesian coordinate z axis to be 
able to compare with previous results. The objective is to find the image source 
which replaces the dielectric sphere in giving the reflected field in low-frequency 
approximation. 
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Figure 1. Geometry of the problem. The dielectric sphere of radius a 
and permittivity £ = ereo Is smdl in terms of the &ee-space 
wavelength. The current dipole is outside the sphere at the 
point denoted by the vector t'. 

2.1 Steveziaoa Analysis 

Let us apply the Stevenson method [12] and expand all quantities in Taylor 
series of w. Assuming e independent of frequency, from the Maxwell equations 


V X E = - (4) 

V X H =jueE + J, (5) 

V • D =V . (£E) = e, (6) 

V • B =/icV • H = 0, (7) 


we can see that the equations are satished if E, D, and g are assumed to be 
even, and H, B, and J odd, functions of the frequency w. We define the order 
of different terms by the power of w or, what is equivalent, of ko = and 

denote the order by the corresponding subindex. Let us assume that the current 
is of first order, J = Jj, i.e., a linear function of u !. From (3) we see that the 
charge must then be of zeroth order, p = po • 
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Thus, in the static limit w —* 0, the charges are frozen and the current is zero. 
The resulting electrostatic equations are 


V X Eo =0, (8) 

^ • (eEo) =eo (9) 

plus regularity conditions at infinity The problem of the sphere was solved in 
terms of electrostatic images in [4]. 

The first correction for the electrostatic field arises &om the first-order magnetic 
field Hi, whose sources are the first-order current Ji and the zeroth-order electric 
field satisfying 


V X Hi sjtneEo (10) 

V-Hi=0. (11) 

The next set of equations reads 

V X Ej = - Jw^oHi, (12) 

V-(£E2)=0, (13) 


and so on. The problem conadered here is to extend the zeroth-order electrostatic 
image theory for the first-order magnetic field by finding the first-order image 
currents. 

2.2 Zeioth-Order Problem 

The zeioth-order electric field can be written in terms of a scalar potential: 

Eo = -Vflio, (14) 

which satisfies the Poisson equation (9) 

V-(tV(j>Q) =-g^. (15) 

This equation can also be written as 

= + (16) 

*0 

where Pq denotes the secondary source, the polarization moment density of the 
dielectric sphere: 


Pfl — (Sr — 1)2wEo. (17) 

In (16), the primary and secondary sources can be defined to give rise to the 
incident and scattered potentials, ~ ™ region outside the 

sphere, satisfying 
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(18) 

(19) 

It was seen in [4] that tte latter source can be replaced by a simpler image 
source ^ijo whose expression depends on the original source. The corresponding 
potential satisfies 

= ( 20 ) 

Co 

The image source is chosen so that the difference ^^(r) - ^,•o(^) vanishes outside 
the sphere, i.e., —V • Pq — QiQ is a non>radiating source. 

2.3 First-Order Problem 

Because of (11), the first-order magnetic field can be derived &om a vector 
potential Ai: 


Hi = ^VxAi, 

Mo 

whose equation can be written from (10) as 


( 21 ) 


V X (V X Ai)-V^Ai -t- V(V • Ai) = Ho^i +iw/iol’o ” V(ja)/io«o^o)' (22) 

We are free to choose one scalar condition for Ai. For the Lorenz rr.T'difi^ n 

V . Ai =-;wA»o«o^0 (23) 

(22) is simplified. Splitting the vector potential into incident and reflected parts 
Ai = A‘i>«-hAI we can write 


V2Ar = -/roJi, (24) 

V^AJ = - (25) 

Thus, the first-order reflected magnetic field is due to the equivalent volume on- 
rent jfwPo within the sphere, and it is known if the zeroth-order problem has been 
solved. However, we wish to simplify the volume somce by replacing it through a 
simpler image source J,-i. 

3. LF nyiAGE EXPRESSIONS 

To find the image sources Q{q and Jfj, we write the low-frequency approximatiou 
of a known expression for the exact reflected electric field due to the dipole somce 
J(r) = jwpo^(r — r^) and try to identify its sources. 
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3.1 Gr«en Dyadic 

The expression for the reflected electric field can be found, e.g., from the 
monogn.ph by Jones [13], and it can be written with som.e change in notation as 

E'-(r) • Ji(r') « ^^'•(r,r') • yo- m 

The exact rcQection Green dyadic is 



+ (27) 

where r It the field p>oint end r', the source point. 

The potential fxmetion W for t = < and r = can be expressed as series 
invohdng spherical Hankel f'lnctions und Legendre polynomials. Low>lxequency 
approximation up to the first order in ko can be written, when k^r and y/e^kot 
are small, in a sim.pl* form obtainable from the exact axpresslons given by Jones 
[13], After some algebra, 


with 


Vr(r.r') 


' ..1 / .J \ '*+1 

XT' J ^ - 1 f f \ 

^ nkoii (r f l)n + 1 \rP J 


Pn(coS7), 


(28) 


cos ) 


r.r' 
rr' * 


(29) 


Note ths,t the angle 7 does not rlcpead on the distances r and r'. Thus, we can 
wiito 


drdr' 


00 


j r»(^,. - 1 ) 


S 'i'^a n^tr + l)+1 



n+l 


Pn(cosy). 


(30) 


$■9 Zueth-Crder Image 

Assuming pr = 1 for th(* dielectric sphere, we have « C and th!! £,eroth- 
ordesr pioblcm comes from, the baM^; term aud itc solution should coincide with 
that derived earliei in [4j. from (27) and (28) wc can approximate the Green 
dyadic by iti locfcst-ordcr term, which turns out tr, have the order ~2 : 


ff'(r.r) -.»:,(r,r') = VV'g^, (,rV,) 




1 1 n(er-l) r, / ^ 

^^47ra n(er-;'l) + l Vj-r') '>>®*'7)' 
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At this point, assuming r' > a, we write :n analogy to [4] 

n(er-l) 


n(er + l) + 


, Ssn+l 7 

=ay/(r',r")(r")"<ir", 
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(32) 


where the image function f{r',r") is defined as 


/(r',r") = - 


dr" 




(33) 


and 27(x) denotes the Heaviside unit step function. Equation (32) can be easily 
verified by direct substitution of (33). 

Inserting (32) in (31) gives us the representation 

r') == -^ V V' J /(r'. r") f] P„(cos -,)dr". (34) 


d "“O 

Defining the vector t" to be in the same direction as i' 


r" = p' 
r 


cos^ = 


r • 1 


rr'' ’ 


and the distance function D as 

D{t — =: \/(r — r") • (r — t") = 4. (r")2 ~ 2rr" cos 7 , 

w« can write £ram the definition of the Legendre polynomial for r >r", 

D(r=7') “ 

which inserted in the Green dyadic expression (34) gives us 


(35) 

(36) 

(37) 

(38) 


Note that it is not only /(r', r") which depends on r ', but also the distance 
function D(r — r")» because r" = u|.r", where u(. = t'/r' is the unit vector of 
both t' and v". In fact, we can write 


1 r"(V'u;.).(r - u^r") (/-= *44) • rr" 

D{r - 4r") D3 


(39) 


which is a vector orthogonal to i' and x‘’. Note that the order of differentiation 
and integration can be interchanged because the field is always computed outside 


1 
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the image source, i.e., outside the sphere, whence the Green function always 
remains finite. 

The zeroth-order refiected electric field can be written in the form 


E5(r)»^S:2-PO = -V«^oW, 


(40) 



r•0•V7(r^r») 
4jreoi>(if “ r") 



P0-(?-<u;)>r)^7(r',r") 
45r<or'j5^(r - r") 


dr". 


(41) 


These expressiona can be compared with those of the scalar potential due to a 
line charge ^io(r") extending from the center to the surface of the sphere. 



<?io(»'") jjl 
iittcDit - r'O ’ 


and due to a dipole line charge of moment density Pio(r"), 


(42) 



p;o(>'");(f - y") 

inZb^ir-r^') 


dr". 


(43) 


Comparing (41), (42), and (43), it is seen that the first integral of (41) corre¬ 
sponds to a line charge inrage whereas the second integral is of the form of a line 
dipole image whose distributed dipole moment vector is perpendicular to the line. 
Obviously, the former is generated by the radial component of the origiaal dipole, 
whereas the latter is due to the transverse component of po. Let us consider the 
two cases, po parsdlei and perpendicular to t ', i.e., radial and transverse dipoles. 


Radial dipole 

When Po is parallel to ri, the second integral of (41) vanishes and the first 
integral can be identified with (42) with the image line charge defined as 


tf,o(r) =*po • V7(r', r) = PO p- f{r', r) 


= -P0 


JL 

dr'dr 


<r- 
«r 




(44) 


By changing the spherical coordinate r,r' to cartesian coordinate x,x' this 
result can be compared with £q. (23) of [4], obtaiaed through another method. 
After making the two difierentiations, the expressions can be seen to coincide, if 
the different definition of the dipole moment is taken into account. 
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Ttmnsverse dipo’e 

For the traasverse dipole satisfying; pg • r' =r 0, we have po • Vf{r',r'^) = 0, 
wnence only the second integral of (41) survives and, identifying it with (43), the 
dipole line image function can be written as 


Pi0('-") = - P0^/(r', r") =-■ 


er-l {r'r"\^ fa^ \ 


= -Po 


tr~l 
<r "f 1 


II a^. 1 a /'r'r''\*^ f,i\ 


(45) 

Again, after a change of radial and cartesian coordinates, the result can be seen 
to coincide with Eq. (22) of [4j. 


i.i First-Order Image 

The reflected magnetic field H’’ can be written in terms of the curl of the 
electric field as 




(46) 


-JUfflo 

The first-order magnetic field is written in terms of the second-order electric field: 

Hr = - i. (47 

Actually, Imowledge of needed, because V x E 2 can be expressed in 

terms of the curl of the zeroth-order Green dyadic as 






X 2’] (j • PO = ^ Q • Po- 


(48) 


The zeioth-order term of the curl of the reflection Green dyadic for a nonmag¬ 
netic sphere with pr *= 1 can be written from (27), after some steps, as 


Vx5-L=-^(rxV)V'A(,.'V,), 




er-1 


dr^''" '^(<r+l) + l J 

Proceeding as in the previous section, we can write 

,2\’*+l “ 


(49) 

2 \ n+l 

— ) P„(cos 7 ). (50) 


n(«r 


. / 2 \ r 

7^(7) 

0 


(51) 
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by defining 




(52) 

The g{r\r") function has a simple relation to the fir',r") function defined in 
(33): 




53) 


The curl term has now the form 

[V X SHO » - (r X V)V' J f; ^P„(«>s7)dr" 


=V X rV 


J Arc Dir -t") 


dr". 


(54) 


U 

Here, the sum in (50) has been extended from n — 1 to n = 0 because r x 

VPolcoaj) *a 0. 

Writing the first-order magnetic field as 


Hi^XVxSno-Po^rVxAi, 

Mo 

the vector potential can be defined as 


a 

Ai(r) «= junoPo • V' J 


■' f jiirLiULdr" 

A7cD{t-t"r ' 


(55) 


( 66 ) 


Because 


D{t - 1") “ D{t - r^')’ 


(67) 

— \- - / — - f 

and since the gradient term vanishes in the curl expression of the nuiguetic field, 
it can be omitted and we can further write 


Ai(r)=ju;;r,po-vY^^j|^dr" 


-__dr -dr 

0 Q 


a 

+/“/“./§w-Vs*"- 


(58) 
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This expression be compared with that for the vector potential due to a line 
current along the z axis, l(z "): 

a 

A(r) = fioJ (59) 

0 

and due to a bifilar line current defined by the current density function 


J(t“)=^l(r'')l.V"S(p"). (60) 

p is the transverse ( zy plane) position vector, I the infinitesimal distance vector 
between two infinite currents, +I flowing along the z axis and —I parallel to it 
through the point IL is the finite moment dyadic of the bifilar current. 

The corresponding vector potential can be written as 



3(f) 


4vD(t - a,z") 


a 

dV" = ^PoJ 


iit 



To find the image currents, let us again separate the two cases: 


(61) 


Radial dipole 

In this case, the operator po-V' only operates on the function g{r', r "), whence 
the last two integrals in (58) vanisL Comparing with (59), the vector potential 
can be expressed in terms of an image line current flowing along the i/ direction: 


“JWPO ■ ^?(»•'. »’")«r>‘" = JWPO XI 


=;«P 0 


dr' 


dr' 

€r-U" fr'r’yrliT A 


—/ 2 


s « ;a;po 


Cr 

«r -1 /0\3 


€r "i- 

<r(gr - 1) a 
(fir + 


l/oVr, /; a\ 

i(p) 




(62) 


It is seen that the image consists of a line current between the origin and Kelvin 
point r s a^/r' and a dipole at the Kelvin point. Figure 2 depicts the continuous 
part of the normalized image current function for dlfierent distances of the dipole 
and Cr = 5 • 

The divergence of the image current 


V" • Ifi = jwpo 


_iL 

dr'dr'^ 


«r + 1 a \ o^ / 



(63) 
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when compsxed with (44), shows that the condition of continuity 

V" • lii «-juiQio (64) 

is satisfied. This can be pictured so that the charges of the static image make 
up the current of the Srst-order image through sinusoidal motion along the image 
line. 


Image cunent of radial dipole 



Figure 2. Normalized functions characterizing the image current line cor¬ 
responding to a radial dipole at different distances d for « 5. 
The delta function at the Kelvin point is not shown. 
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In the case of po pei^seadicuJar to r' we have po • ^' 9 (r',r") = 0, and the 
lost two integrals in (58) form the expression for the vector potential: 


0 0 


(65) 


Q 0 

For the last step we have invoked the property 


■ ^^D(t - “ W PO ■ D(r _ r")’ 

Comparing (65) with (59) and (6l) shows us that the image can be written as a 
combination of a transverse current strip plus a longitudinal bifilai line current. 
The firs^ integral of (65) corresponds to a transverse curr^ent which has the form 



= J‘^P0 ^ »(’•'. »•'■)• (67) 

The second term corresponds to a bihlar current along the direction r' with the 
moment dyadic 


(ILjii ~ P0S(»''. r"). (68) 

Thus, a transverse current element corresponds to an image which has both axial 
and transverse components. Combining these leads finally to the image current 
density 


JilCr") =;wpo ^r")5(/) -i‘*’i4^^p^p(r',r")po • V"5(/) 

=i‘‘’^s(r',r")V" X [po x u;.r"5(/)] . (69) 

Let us again check the continuity condition. The divergence of the image 
current density (69) can be written as 


V" • J ,-1 = JU>~ /(/, r")V" . (po5( p ")] - ;u^ V" . Pio =. -;weio. (70) 

The last tenn refers to the image charge den.sity corresponding to the image dipole 
density given in the static case (45). It is seen that also in the transverse dipole 
case the first-order image current and the zerotb-order charge satisfy the continu¬ 
ity condition, which means that the first-order image current can be pictured as 
being the zeroth-order image charge in periodic motion. Since the current cannot 
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be determined from the charge, because it is not uniquely determined from its 
divergence, the present analysis was needed to find the result. 

The image expression for the transverse dipole (69) can also be written in the 
form 


J<l(r") = V" X 




+ ;w~/(r',r")po^(p"), (71) 


of which the first term can be expressed in terms of an equivalent magnetic current 

[11]: 


^ X 3rne 
juno 


I 

(72) I 


Thus, as an alternative to the expression (69), the transverse dipole po can be 
seen to give rise to transverse electric and magnetic image strip currents of the 
form 


III 


7/(r',r")P0, 


(73) 


W=-^^ff('-'.r")Poxu;. (74) 

Co r 

These two strip currents are seen to be at right angles to one another. Their 
normalised functional dependence is depicted in Fig. 3 for certain relative permit¬ 
tivities of the sphere. 


4 . SUMMARY OF R£SUl.TS 

Let us summarize the first-order low.firequency image results in cartesian coordi¬ 
nate form which is more easily applicable in further analysis. The indices showing 
the order of the image are omitted in the sequel. 

For a slowly oscillating cmrent dipole on z axis, defined by 


}{r)^yxIL6[z-d)S{p), 


the image corresponding to the axial dipole, with u s u, , is 


(75) 


Jf(r) = - m,IL 


Cr - 
€r 





. <.(«,.-1) o 






(7G) 


while the trnnsveiss dipole, with u • = 0, corresponds to the image current 

density 


Ji(r) = IL 


<r - 1 a 
<r + 1 ^ 



[U45(p)-ZUiU-V^(p)], 


(77) 
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J,(r) =u/L 


Cr - 1 t <r- 1 a fzd\^ fa? 

er + l^d/ \ d) («p +1)2 (fi Va^/ \d 

:lLzi 


=(« X j ' - r)J(„). 


(78) 

(79) 




Figure 3 Normali.«;d eleciiic (a) and magnetic (b) components of the im¬ 
age current cc^rrespondiug to a tramrv’erse dipole at the distance 
d = l.ln for different ■values of the relative permittivity of the 
sphere, Cr • The currents how transverse to the z axis and each 
other. The delta function at the Kelvin point is not shown. 
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5. SPECIAL CASES 

Let us finally study some limit cases to check the image current expressions (76)- 
(79) for the dielectric sphere. 

1. For «r —♦ 1 the sphere vanishes. From (76)-(79) we see that ali image currents 
vanish because of the factor er — 1. 

2. For fr 1^ 1 the dielectric sphere becomes somewhat rimilnr to an ideally 
conducting sphere for the electric field. In the present case, for a radial dipole, 
the image current (76) has the form 

j, = -,wi;[(|)^(*-^) + jEt;(^-,)]i(,), (80) 

i.e., it is composed of a point dipole plus a constant line current. This simple 
result does not seem to be known. For a transverse dipole, the image current 
density (77) is 

2 

Ji = X [n X (p")] U(^ - r), fSl) 

which consists of a constant transverse current plus a bifilai axial line current, 
whose amplitude is proportional to z. FVom (78), (79) we have another represen¬ 
tation in terms of an electric and a magnetic current 

Ji Sip\ (82) 

= - (u X u.) -hi - r) Sip). (83) 

This means that the other form for the image of the transverse dipole consists of 
a transverse dipole plus a transverse magnetic line ourent with linear amplitude 
dependence. Note that application of these results requires a small enough &e- 
quency because in deriving the fir^t-order theory it was assumed that kgr be 
small. 

3. For d > a we have a dielectric sphere in homogeneous incident electric 
field. Because the distance to the Kelvin point a^/d becomes small, the image 
is concentrated at the center. .Moments of the image give multipole terms for the 
image point source. 

For the radial dipole wc can write from (76) for the zeroth moment of the 
imeige cunent, i.e., the moment of the image dipole at the center of the sphere, 
the expression 

V 

FVom (77) wc find the image moment corresponding to the transverse dipole with 
direction u; 
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= (85) 

V 

Because tb-? lowest-order terns for the electric field inddent from a radial and 
a transverse dipole with the respective moments UzIL and uIL at the distance 
d are, respectively, 


p«nc _ 


2azIL 

45r Cod® ’ 


= - 


iiIL 


( 86 ) 


47reod^ ’ 

these inserted in the respective expressions (84) and (85) give the same dipole 
moment expression 


liL = -dTTCca^ (87) 

Sr 2 

responsible for the lowest-order scattered dipolar field. This coincides with the 
well-known result obtained elsewhere through the Stevenson analysis [14]. 

There is a magnetic moment corresponding to the image of the transverse 
dipole, which is obtained by integrating (79) over the sphere: 

J Jmi(r)dV = (u X }iz)junolL (88) 

V 

This is of smaller order than the electric moments becarme of the 1/d^ dependence 
on the distance. Simple expressions for higher order multipole moments can also 
be readily obtained &om the image current expressions (76) and (77). 

4. For a -* oo the spherical interface becomes planar and we can compare the 
result with that given by the Exact Image Theory [16] in the low-firequency case. 

Taking, for example, the transverse magnetic (TM) image current due to a 
vertical electric dipole above a dielectric half space &om [16], we can write for the 
exact image current 


if^(C) = -u.JI/^^(C) 


with 




gr - 1 
Cr + 1 


^(C) 


(89) 


(90) 


B — koV^gr — 1? kp — u^y^/iogo* (^i) 

The variable ( measures distance from the mirror image point r = —down¬ 
wards. Because /^^(C) is an even function of B and, hence, of w, the low- 
frequency approximatioa 0 0 starts with 




IL ^ i(0 + IL klcuio +... 


€r 1 


(gr + l)^ 


(92) 
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Thus, in the first order approximation, only the delta term remains and the image 
current is 


(93) 

cr “T 1 

In the present sphere problem, taking the limit a --t oo and denoting d s /t+a, 
( r= o—(r+h), where h is the height of the dipole fiom the interface, substituting 
z = a - (h + C), end a^/d -+ a - h in (76), (77) leaves us with the asymptotic 
image expression 


li IL 




(94) 


of which the second terms vanishes and the first one coincides with the exact 
image result above. 
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